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Abstract
We prove that any diffeomorphism of a compact manifold can be C1-approximated by a diffeomorphism
which exhibits a homoclinic bifurcation (a homoclinic tangency or a heterodimensional cycle) or by a
diffeomorphism which is partially hyperbolic (its chain-recurrent set splits into partially hyperbolic pieces
whose centre bundles have dimensions less or equal to two). We also study in a more systematic way the
central models introduced in Crovisier (in press) [10].
© 2010 Elsevier Inc. All rights reserved.
Résumé
Hyperbolicité partielle loin des bifurcations homoclines. Nous montrons que tout difféomorphisme
d’une variété compacte peut être approché en topologie C1 par un difféomorphisme qui présente une
bifurcation homocline (une tangence homocline ou un cycle hétérodimensionnel) ou bien par un dif-
féomorphisme partiellement hyperbolique (son ensemble récurrent par chaînes se décompose en pièces
partiellement hyperboliques dont les fibrés centraux sont de dimensions au plus égales à 2). Nous étudions
également d’un point de vue plus systématique les modèles de dynamiques centrales introduits en Crovisier
(in press) [10].
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0. Introduction
0.1. Towards a characterisation of non-hyperbolic systems
One of the goal of the dynamics is the study of the evolution of most systems. It appeared in the
early sixties with Smale [28] that the dynamics on a compact manifold M can be well described
from topological and statistical points of view for a large class of differentiable systems, the
uniformly hyperbolic ones: these are the dynamics whose recurrence locus (the chain-recurrent
set) decomposes into a finite number of invariant pieces whose tangent spaces split into two
invariant subbundles TM = Es ⊕ Eu, the first being uniformly contracted and the second uni-
formly expanded. These dynamics have a nice property: they are stable (hence form an open
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hyperbolic.
Two simple obstructions for the hyperbolicity have been discovered. On the one hand Abra-
ham and Smale [3] have build an open set of diffeomorphisms such that two hyperbolic periodic
orbits with different stable dimensions are linked by the dynamics: by perturbation one gets
a diffeomorphism having a heterodimensional cycle, i.e. such that the stable manifold of each
of these orbits intersects the unstable manifold of the other. On the other hand Newhouse [18]
has obtained a C2-open set of diffeomorphisms which possess a hyperbolic set whose stable
and unstable laminations have non-transverse intersections: by perturbation one gets hyperbolic
periodic points whose stable and unstable manifolds have a homoclinic tangency. These two
mechanisms have taken a major role in the study of non-hyperbolic dynamics, see [20,7].
Palis has proposed [19] that these two obstructions characterise the non-hyperbolic systems.
Palis conjecture. Any Cr -diffeomorphism (r  1) of a compact manifold can be Cr -approxi-
mated by a hyperbolic diffeomorphism or by a diffeomorphism having a homoclinic tangency or
a heterodimensional cycle.
If this holds we would have on one side some systems whose global dynamics is well de-
scribed and stable, and on the other side a dense set of systems presenting local bifurcations easy
to detect (they involve periodic orbits and their local invariant manifolds) and which generate
important changes on the dynamics.
Due to the difficulties to perturb the orbits of a system in topology Cr for r > 1, the main
progresses have only been obtained for the C1-dynamics. On surfaces, the conjecture has been
solved by E. Pujals and M. Sambarino [25]. In higher dimensions, some partial results have been
obtained, for instance [30,24].
One approach consists in studying the generic dynamics in the set of diffeomorphisms far
from homoclinic bifurcations and in proving some hyperbolicity properties: various forms of
weak hyperbolicity have been already considered. For instance, a splitting TM = E ⊕ F of the
tangent bundle above an invariant compactset K is dominated if there exists n 1 such that for
any x ∈ K and unitary vectors u ∈ Ex,v ∈ Fx one has ‖Df n.u‖ < ‖Df n.v‖. A set K is partially
hyperbolic if the tangent bundle above K admits a dominated splitting Es ⊕ Ec ⊕ Eu such that
Es is uniformly contracted and Eu is uniformly expanded (one allows to one of the bundles
Es and Eu to be degenerated but not both): the difference with the uniform hyperbolicity is
the presence of a central bundle. Generalising the definition of hyperbolic diffeomorphisms, one
defines the partially hyperbolic diffeomorphisms as the diffeomorphisms whose chain-recurrent
set decomposes into finitely many invariant pieces, each of them being partially hyperbolic.
One can also benefit from the recent progresses towards the understanding of general C1-
generic dynamics. In particular, with C. Bonatti [5] we have raised the interest of Conley’s
decomposition of the chain-recurrent set into (disjoint, invariant and compact) chain-recurrence
classes. For a C1-generic diffeomorphism any chain-recurrence class which contains a hyper-
bolic periodic orbit O coincides with the homoclinic class H(O) of O: this is the smallest
compact set which contains all the periodic orbits O′ such that O,O′ are homoclinically related,
that is such that the stable manifold of each of these periodic orbits intersects transversely the
unstable manifold of the other. The chain-recurrence classes without periodic points are called
aperiodic classes.
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In [30], L. Wen has shown that for any C1-generic diffeomorphism far from homoclinic
bifurcations the minimally non-hyperbolic sets are partially hyperbolic with centre bundles of
dimensions smaller or equal to two. Our main result is a global version of this work. We denote
by Diff1(M) the space of C1 diffeomorphisms of M and by Tang, Cycl the sets of diffeomor-
phisms which exhibit a homoclinic tangency or a heterodimensional cycle.
Main Theorem. There exists a dense Gδ subset R of Diff1(M) \ Tang∪Cycl such that any
diffeomorphism f ∈ R is partially hyperbolic: the chain-recurrent set split into finitely many
disjoint invariant compact sets Λ1, . . . ,Λs . Each set Λi , 1  i  s has a dominated splitting
TΛiM = Es ⊕ Ec1 ⊕ Ec2 ⊕ Eu which is partially hyperbolic and such that each central bundle
Ec1,E
c
2 has dimension 0 or 1.
It should be noted that the decomposition given by this theorem is rougher than the decom-
position into chain-recurrence classes: more precisely, each piece Λi is the union of (maybe
infinitely many) chain recurrence classes having the same partially hyperbolic structure.
The Main Theorem is a consequence of two results which provide more precise informations
on the chain-recurrence classes of f :
Addendum A. Each homoclinic class H = H(O) of f ∈ R is “weakly hyperbolic”:
– H has a dominated splitting THM = E ⊕ F such that dim(E) is equal to the stable dimen-
sion of O.
– There is a continuous family of “chain-stable” manifolds (Dcsx )x∈H of dimension dim(E):
for each point x ∈ H , Dcsx is a C1-embedded disk tangent to Ex contained in the chain stable
set of H and there exist arbitrarily small open neighbourhoods Ux of x in Dcsx such that the
family (Ux)x∈H satisfies:
f (Ux) ⊂ Uf (x).
– There is a continuous family of “chain-unstable” manifolds (Dcux )x∈H of dimension dim(F )
satisfying the same properties for f−1.
Moreover if the bundle E is not uniformly contracted, then:
– there is a dominated decomposition E = Es ⊕Ec1 such that Es is uniformly contracted and
Ec1 has dimension 1,
– the class H contains some periodic points q homoclinically related to O and whose Lya-
punov exponent along Ec1 is arbitrarily close to 0.
A similar property holds if F is not uniformly expanded.
In particular, the homoclinic class has a dominated splitting THM = Es ⊕ Ec1 ⊕ Ec2 ⊕ Eu
which is partially hyperbolic and such that each central bundle Ec1,E
c
2 has dimension 0 or 1.
Addendum B. Each aperiodic class C of f ∈ R is a minimal set endowed with a partially hy-
perbolic structure Es ⊕ Ec ⊕ Eu with dim(Ec) = 1. The dynamics along the central bundle
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and there exist arbitrarily small open neighbourhoods Ux,Vx of x in Dcsx such that the families
(Ux)x∈H(p), (Vx)x∈H(p) satisfy:
f (Ux) ⊂ Uf (x) and f−1(Vx) ⊂ Vf−1(x).
In particular the Lyapunov exponent along Ec for each invariant probability measure supported
on C is equal to 0.
Remark 0.1. The proof will show that the extremal bundles Es,Eu of the aperiodic classes
are not degenerated. For the homoclinic classes (different from the sinks and sources) the same
result holds: this follows from [25,27] if dim(M) = 2 or if the central bundle (Ec1 ⊕ Ec2) has
dimension 1; when the central bundle of the class is two-dimensional, this follows from [11].
Remark 0.2. There are only finitely many homoclinic classes whose central bundle has dimen-
sion 2 (see the end of Section 6).
Let us explain how this is related to other works. With Pujals we use these results for prov-
ing [11] that any C1-generic diffeomorphism far from the homoclinic bifurcations is essentially
hyperbolic: there exists a finite number of hyperbolic attractors whose basin is dense in the man-
ifold. Recently J. Yang has announced [33] that a part of the Main Theorem can be extended
to the diffeomorphisms far from the homoclinic tangencies: any aperiodic class of a C1-generic
diffeomorphism f ∈ Diff1(M) \ Tang has a partially hyperbolic structure TM = Es ⊕ Ec ⊕ Eu
with dim(Ec) = 1.
0.3. Structure of the proof
The setting of our proofs is the C1-generic dynamics far from the homoclinic tangencies. Note
that it is enough to obtain the partial hyperbolic structure given by the Main Theorem above each
chain-recurrence class.
Dominated splitting above chain-transitive sets. For these diffeomorphisms, Wen has shown
[29] that the splitting into stable and unstable spaces above periodic orbits having a same stable
dimension is dominated. This is recalled in Section 1.1.
One then uses Liao’s selecting lemma in order to discuss the hyperbolicity properties of these
splittings: when a bundle is not uniformly contracted, the dynamics either possesses periodic
orbits having an exponent along the bundle which is positive, or contains a minimal set K which
possesses a partially hyperbolic structure Es ⊕ Ec ⊕ Eu with dim(Ec) = 1. The dynamics in
the central direction Ec is not well described by the dynamics of the tangent map, since all the
measures supported on K have a Lyapunov exponent along Ec equal to zero. This is done in
Section 1.2. The paper is mostly devoted in the study of these minimal sets K .
Central models. The dynamics in the central direction above such a minimal set K is described
through a more topological approach: this is done by using the central models introduced in [10].
This paper presents a more systematic study of these object. The basic definition and properties
are given in Section 2.
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The topological description of the central dynamics of a partially hyperbolic set can be illus-
trated in the simple case of a germ of an orientation preserving diffeomorphism f of R that fixes
a point p. The dynamics falls in one of the following types (see Fig. 1):
– Chain-recurrent: a non-trivial interval of fixed points contains p.
– Neutral: p is accumulated on both sides by wandering intervals that are mapped to the right
and other that are mapped to the left.
– Chain-hyperbolic: in the attracting case, p is accumulated on both sides by wandering in-
tervals that are mapped towards p and there is no wandering interval mapped away from p.
One defines similarly the chain-hyperbolic repelling type.
– Parabolic: one side is chain-hyperbolic attracting and the other chain-hyperbolic repelling;
or one side is chain-hyperbolic and the other side is neutral.
The other parts of the paper discusses the different types. Let us consider a minimal set K
contained in a chain-recurrence class Λ. The goal is to prove that either one can create a het-
erodimensional cycle by perturbation, or the class Λ contains a periodic orbit O having the same
dominated splitting as the set K . There exist in Λ a dense set of periodic orbits homoclinically
related to O which allow us to extend the dominated structure to the whole class Λ. The general
structure of the proof is completed in Section 6.
Twisted sets. There is a very particular geometry of the minimal set, involving the strong stable
and unstable leaves, which allows to create a heterodimensional cycle by perturbation. This is
done through a perturbation argument similar to the closing lemma, in Section 3.
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recurrent or chain-hyperbolic types, or when it has parabolic type and is not twisted, the stable
set of K is large enough to force some periodic orbits close to K to be contained in the chain-
recurrence class of K , see Section 4.
Non-minimal sets of neutral type. When the set K is contained in a larger chain-transitive set
K ′ which is also partially hyperbolic of neutral type, a shadowing lemma argument allows to
obtain periodic orbits close to K whose strong stable and strong unstable manifolds approximate
any point of K ′. This produces heterodimensional cycles by perturbations, see Section 2.5.
Isolated minimal sets of neutral type. In Section 5 we study minimal sets K having neutral type
and contained in a larger chain-transitive set Λ. We assume furthermore that K is “isolated”,
i.e. there is no chain-transitive set K ′  K close to K . There exist in Λ some pseudo-orbits
connecting K to a given point in Λ \ K : the neutral property should imply that these pseudo-
orbits leave a small neighbourhood of K along the strong stable and strong unstable leaves of
K ; it is then possible to create a heterodimensional cycle as in the previous paragraph. The
proof is in fact much more delicate and several cases have to be consider, depending on the
behaviour of the stable and unstable sets of K inside Λ: either the stable and the unstable sets are
small in the central direction and one obtains a heterodimensional cycle; or one of them is large
and one shows that some periodic orbits close to Λ are contained in the chain-recurrence class
of K .
0.4. Notations and definitions
We fix a diffeomorphism f ∈ Diff1(M) and recall briefly some definitions.
A sequence (zn) in M is a ε-pseudo-orbit if d(f (zn), zn+1) is smaller than ε > 0 for each n.
An invariant compact set K is chain-transitive if for any ε > 0 it contains a periodic ε-pseudo-
orbit that is ε-dense in K . The maximal chain-transitive sets are the chain-recurrence classes:
two classes are disjoint or equal. The union of the chain-recurrence classes is a compact set called
the chain-recurrent set. If K is an invariant compact set, its chain-stable set is the set of points x
that may be joint to K by a ε-pseudo-orbit for any ε > 0; its chain-unstable set is the chain-stable
set of K for f−1.
The index of a hyperbolic periodic orbit O is the dimension of its stable space Es(O). Its
homoclinic class H(O) is the closure of the transverse intersection points between the invariant
manifolds Ws(O) and Wu(O). Two hyperbolic periodic orbits O,O′ are homoclinically related
if both Ws(O)∩Wu(O′) and Wu(O)∩Ws(O′) contain transverse intersection points: the homo-
clinic class H(O) also coincides with the closure of the set of hyperbolic periodic points whose
orbit is homoclinically related to O. A homoclinic tangency associated to a hyperbolic periodic
orbit O is a non-transverse intersection point in Ws(O)∩Wu(O). A cycle associated to two hy-
perbolic periodic orbits O,O′ is the compact invariant set obtained as union of O, O′ with two
heteroclinic orbits: one in Ws(O)∩Wu(O′) and one in Wu(O)∩Ws(O′). When the indices of
O,O′ are different, the cycle is heterodimensional.
If E is a continuous invariant one-dimensional bundle over an invariant compact set K and if
μ is an ergodic invariant probability measure supported on K , the Lyapunov exponent of μ along
E is
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(
μ,Ec
)= ∫ log‖Df|E‖dμ.
An ergodic measure is hyperbolic if its Lyapunov exponents are all non-zero.
Let K be an invariant set. A decomposition TKM = E ⊕F of the tangent bundle over K into
two linear subbundles is a dominated splitting if there exists an integer N  1 such that for any
point x ∈ K and any unitary vectors u ∈ Ex and v ∈ Fx , we have
2
∥∥Dxf N .u∥∥ ∥∥Dxf N .v∥∥.
(One says that the decomposition is N -dominated.)
A linear subbundle E of TKM is uniformly contracted if there exists an integer N  1 such
that for any point x ∈ K one has ‖Dxf N|E‖ 12 . An invariant compact set K is partially hyper-
bolic if its tangent bundle decomposes as the sum of three linear subbundles Es ⊕ Ec ⊕ Eu (at
most one of the two extremal bundles Es,Eu is non-trivial) so that:
• The splittings Es ⊕ (Ec ⊕Eu) and (Es ⊕Ec)⊕Eu are dominated.
• The bundle Es is uniformly contracted by f and the bundle Eu is uniformly contracted by
f−1.
The partially hyperbolic structure extends to any invariant compact set contained in a small neigh-
bourhood of K . (We refer to [7] for a survey on the properties satisfied by partially hyperbolic
sets and dominated splittings.)
If K is an invariant compact set and E a continuous linear subbundle of TKM , a cone around
E is a cone field defined on a neighbourhood of K induced by a neighbourhood of E in the
unitary tangent space of M .
Let K be a compact set which has a partially hyperbolic structure Es ⊕Ec⊕Eu such that Ec is
one-dimensional. A periodic orbit O ⊂ K has a strong homoclinic intersection if Wss(O)\O and
Wuu(O) \ O have an intersection. Strong homoclinic intersections sometimes produce heterodi-
mensional cycles by C1-perturbation. The following proposition is proved in [23, Proposition
2.4] and [24, Proposition 2.5].
Proposition 0.3. Let f be a diffeomorphism, U be a neighbourhood of f in Diff1(M) and K
be a compact set which has a partially hyperbolic structure Es ⊕Ec ⊕Eu such that Ec is one-
dimensional. Then, there exists δ > 0 such that, for any periodic orbit O ⊂ K whose central
exponent along Ec belongs to [−δ, δ] and which has a strong homoclinic connection there exists
g ∈ U which has a heterodimensional cycle.
Moreover if U is a neighbourhood of O and V is an open set containing O and the homo-
clinic orbit, then the heterodimensional cycle is contained in V and associated to periodic orbits
contained in U .
1. Non-hyperbolic dominated splittings
In this section f is a diffeomorphism that is not the C1-limit of diffeomorphisms exhibiting
a homoclinic tangency. We prove the existence of invariant compact sets having dominated and
partially hyperbolic splittings with a one-dimensional central bundle.
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We first recall a theorem of Wen [29] (an improved version was proved by N. Gourmelon,
see [14]).
Theorem (Wen). Let f be a diffeomorphism in Diff1(M) \ Tang and i ∈ {1, . . . ,dim(M) − 1}.
Then, the tangent bundle above the set of hyperbolic periodic points with index i has a dominated
decomposition E ⊕ F with dim(E) = i.
One can derive a uniform version of this result (see [30, Lemmas 3.3 and 3.4]):
Corollary 1.1 (Wen). Let f be a diffeomorphism in Diff1(M) \ Tang. Then, there exist a C1-
neighbourhood U of f , some integers N,ν  1, some constants δ0,C > 0 and λ > 1 such that,
for any g ∈ U and any periodic orbit O of g, the following property holds.
Let Es ⊕Ec ⊕Eu be the decomposition of the tangent bundle TM over O into characteristic
spaces whose Lyapunov exponents belong to ]−∞,−δ0[, [−δ0, δ0] and ]δ0,+∞[ respectively.
Then,
(1) Ec has dimension at most 1;
(2) the splitting Es ⊕Ec ⊕Eu is N -dominated;
(3) denoting by τ the period of O, we have for any x ∈ O,
τ/ν−1∏
i=0
∥∥Df ν|Es (f iν(x))∥∥ C.λ−τ and
τ/ν−1∏
i=0
∥∥Df−ν|Eu(f−iν(x))∥∥ C.λ−τ .
Remark 1.2. Consider a diffeomorphism f ∈ Diff1(M) \ Tang whose periodic orbits are hyper-
bolic. By [9] any chain-recurrence class of f is the Hausdorff limit of hyperbolic periodic orbits
associated to a sequence of diffeomorphisms that converges towards f in Diff1(M). Corollary 1.1
and a result of Pliss [21] implies that there exists only finitely many sinks or sources whose ex-
ponents are all in the complement set of [−δ0, δ0]. One deduces that there exists N  1 such that
all chain-recurrence classes of f but maybe finitely many sinks and sources have a non-trivial
dominated splitting that is N -dominated.
Using an improved version of Mañé’s ergodic closing lemma provided by [1], one can ex-
tend these results to the ergodic measures. A similar result has been obtained independently by
Yang [32].
Corollary 1.3. Let f be a diffeomorphism in Diff1(M) \ Tang. Then, there exist a C1-
neighbourhood U of f , some integers N,ν  1 and some constants δ,ρ > 0 such that for any
g ∈ U and any ergodic measure μ of g the following property holds.
Let Es ⊕ Ec ⊕ Eu be the Oseledets decomposition of the tangent bundle TM at μ-a.e. point
into spaces whose Lyapunov exponents belong to ]−∞,−δ[, [−δ, δ] and ]δ,+∞[ respectively.
Then,
(1) Ec has dimension at most 1;
(2) the splitting Es ⊕Ec ⊕Eu is N -dominated (and hence extends to the support of μ);
682 S. Crovisier / Advances in Mathematics 226 (2011) 673–726(3) for μ-a.e. point x we have
lim
k→∞
1
k
k−1∑
i=0
log
∥∥Df ν|Es (f iν(x))∥∥−ρ and lim
k→∞
1
k
k−1∑
i=0
log
∥∥Df−ν|Eu(f−iν(x))∥∥−ρ.
Proof. Let us consider the constants N,ν, δ0, λ given by Wen’s Corollary 1.1 above and choose
δ ∈ (0, δ0) and ρ ∈ (0, log(λ)). By [1, Proposition 6.1], there exists a sequence of diffeomor-
phisms (fn) that converge toward f and for each fn there exists a periodic orbit On with the
following properties. The Lyapunov exponents of the orbits On for fn converge towards the Lya-
punov exponents of μ for f ; moreover the fn-invariant probability measures supported on the
orbits On converge toward μ. By Wen’s Corollary 1.1, each orbit On admits an N -dominated
splitting E1 ⊕E2 ⊕E3 such that the dimensions of E1, E2, E3 coincide with the dimensions of
Es , Ec, Eu. This implies that Ec is trivial or one-dimensional.
Since the domination extends to the closure, the support of μ also carries an N -dominated
splitting E1 ⊕E2 ⊕E3. It coincides with Es ⊕Ec ⊕Eu at μ-a.e. point, by definition of Oseledets
splitting. This proves the first item.
The third item of Wen’s corollary and a classical argument due to Pliss now imply that a
uniform proportion of points x in each orbit On satisfies for any k  0,
k−1∏
i=0
∥∥Df νn |Es (f iνn (x))∥∥ e−kρ.
Since the measures supported on the On approximate the measure μ, one deduces that the same
property holds for f and the points x in a set X with positive μ-measure. By ergodicity, μ-a.e.
point x has a forward iterate in X and hence satisfies
lim
k→∞
1
k
k−1∑
i=0
log
∥∥Df ν|Es (f iν(x))∥∥−ρ.
The same argument applies to the bundle Eu. 
The classical Anosov closing lemma is still valid for hyperbolic ergodic measures of C1-
diffeomorphisms, provided that the Oseledets decomposition is dominated.
Proposition 1.4. Let f be a C1-diffeomorphism and μ a hyperbolic ergodic measure whose
Oseledets decomposition Es ⊕ Eu is dominated. Then μ is supported on a homoclinic class:
there exists a sequence of hyperbolic periodic orbits (On) whose index is equal to dim(Es), that
are homoclinically related together, that converge toward the support of μ for the Hausdorff
topology and such that the invariant measures supported on the On converge toward μ for the
weak-∗ topology.
Proof. By [1, Lemma 8.4], there exists ρ > 0 and an integer ν  1 such that for μ-almost every
point x ∈ M , the Birkhoff averages
1
νk
k−1∑
log
∥∥Df ν|Es (f iν(x))∥∥, 1νk
k−1∑
log
∥∥Df−ν|Eu(f−iν(x))∥∥i=0 i=0
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and a set X with positive μ-measure such that for each point x ∈ X and each k  0 one has
k−1∏
i=0
∥∥Df ν|Es (f iν(x))∥∥ C.e−kρ and
k−1∏
i=0
∥∥Df−ν|Eu(f−iν(x))∥∥ C.e−kρ.
This implies that one can find segments of orbits (x, . . . , f m(x)) in the support of μ such that
x,f m(x) belong to X, the distance d(x,f m(x)) is arbitrarily small and the (non-invariant)
atomic measure 1
m
∑m−1
i=0 δf i(x) is arbitrarily close to μ. In particular for each 0  k  m one
has
k−1∏
i=0
∥∥Df ν|Es (f iν(x))∥∥ C.e−kρ and
k−1∏
i=0
∥∥Df−ν|Eu(fm−iν(x))∥∥ C.e−kρ. (1.1)
This property and the domination Es ⊕ Eu allow to apply Liao–Gan’s shadowing lemma [12]:
the segment of orbit (x, . . . , f m(x)) is ε-shadowed by a periodic orbit O = (y, . . . , f m(y) = y)
where ε goes to zero when d(x,f m(x)) decreases. In particular, O is arbitrarily close to the
support of μ for the Hausdorff topology and it supports a periodic measure arbitrarily close to
the measure μ. Note that the segment of orbit (y, . . . , f m(y)) satisfies an estimate like (1.1) (with
constants ρ′,C′ close to ρ,C). Consequently the orbit O is hyperbolic and has index dim(Es).
Repeating this argument, one obtains a sequence of such periodic points (yn) whose orbits (On)
converge toward μ. By the estimate (1.1), the size of the local stable and local unstable manifolds
at yn is uniform. Hence the periodic orbits On are homoclinically related for n large. 
Let us sum up the previous discussions.
Corollary 1.5. Let f be a diffeomorphism in Diff1(M)\Tang and μ be an ergodic measure. Two
cases are possible.
– Either μ is hyperbolic. Its support is then contained in a homoclinic class having index equal
to the dimension of the stable spaces of μ;
– or μ has an unique Lyapunov exponent equal to 0 and its support admits a dominated split-
ting Es ⊕ Ec ⊕ Eu which coincides μ-a.e. with the Oseledets decomposition into stable,
central and unstable spaces.
1.2. Non-uniformly contracted bundles
Let us now give a consequence of Liao’s selecting lemma that improves some results in [30].
It allows to obtain minimal sets that have a partially hyperbolic splitting with a one-dimensional
central bundle.
Theorem 1. Let f be a diffeomorphism in Diff1(M) \ Tang and K0 be an invariant compact set
having a dominated splitting E ⊕ F . If E is not uniformly contracted, then one of the following
cases occurs.
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2. K0 intersects homoclinic classes H whose index is equal to dim(E) and which contain weak
periodic orbits: for any δ > 0, there exists a sequence of hyperbolic periodic orbits (On)
that are homoclinically related together, that converge for the Hausdorff topology toward
a compact subset K of K0, whose index is equal to dim(E) and whose maximal exponent
along E belongs to (−δ,0).
3. There exists an invariant compact set K ⊂ K0 which has a partially hyperbolic structure
Es ⊕Ec ⊕Eu. Moreover dim(Es) < dim(E), the central bundle Ec is one-dimensional and
any ergodic measure supported on K has a Lyapunov exponent along Ec equal to 0.
Remark 1.6. In the second case there exists a dominated splitting E′ ⊕ Ec ⊕ F on the whole
homoclinic class H such that dim(E) = dim(E′ ⊕ Ec) and Ec is one-dimensional: indeed, by
definition H contains a dense set of periodic points with index equal to dim(E) and whose largest
Lyapunov exponent along E is close to zero. From Corollary 1.1, one deduces that there exists
on these periodic orbits a dominated splitting E′ ⊕ Ec ⊕ F such that dim(E) = dim(E′ ⊕ Ec)
and Ec is one-dimensional. The dominated splitting extend to the closure, hence to the whole H .
Proof. We first state a characterisation of not uniformly contracted bundles. If E0 ⊂ TKM is
an invariant continuous subbundle over an invariant compact set K ⊂ K0 and μ is an invariant
measure supported on K , then we denote by λ+(E0,μ) (resp. λ−(E0,μ)) the maximal (resp.
minimal) Lyapunov exponent of μ along E0. If E0 is one-dimensional, we just write λ(E0,μ).
Claim 1.7. The bundle E0 is not uniformly contracted if and only if there exists an invariant
ergodic measure μ0 supported on K such that λ+(E0,μ0) 0.
Proof. Recall first that the action of Df on TM induces an action on the unitary bundle of M .
By compactness of K , the bundle E0 is uniformly contracted if and only if for any unitary vector
v ∈ E0, there exists n 1 such that ‖Df n.v‖ < ‖v‖.
Let us first assume that E0 is not uniformly contracted: there exists a unitary vector v ∈ E0
such that for all k  0 one has ‖Df k.v‖ ‖v‖. One deduces that there exists a probability mea-
sure μ˜0 on the unitary bundle associated to E0 which is invariant by Df and whose evaluation
on the function v → log(‖Df.v‖/‖v‖) is non-negative. By the ergodic decomposition theorem,
one can assume that μ˜0 is ergodic. This measure projects to an f -invariant ergodic measure μ0
on K such that λ+(E0,μ0) 0 as required. The converse part is clear. 
Let us now come to the proof of the theorem. We will assume that the first case of the theorem
does not occur.
Claim 1.8. If we are not in the first case of the theorem, there exists an invariant closed subset
K ⊂ K0 which admits a dominated splitting Es ⊕Ec ⊕ F ′ such that
– Es is uniformly contracted and has dimension dim(Es) < dim(E),
– Ec is one-dimensional, for any invariant measure μ supported on K the exponent λ(Ec,μ)
is non-positive, and there exists a unitary vector v ∈ Ec such that
∀k  0, ∥∥Df k.v∥∥ ‖v‖. (1.2)
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supported on K0 and such that λ+(E,μ0)  0 as given by Claim 1.7. By Corollary 1.5, the
set K = Supp(μ0) has a dominated decomposition E0 ⊕ F0 such that dim(E0) < dim(E),
λ+(E0,μ0) < 0 and λ−(F0,μ0) 0. One may choose such a measure μ0 and a set K such that
dim(E0) is minimal. Using again Claim 1.7, this implies that the bundle Es := E0 is uniformly
contracted on K .
If μ0 is hyperbolic, then by Corollary 1.5 the set K ⊂ K0 is contained in a homoclinic class
with index equal to dim(Es) and we are in the first case of the theorem, contradicting our as-
sumption. We thus have λ−(F0,μ0) = 0 so that by Corollary 1.5, the bundle F0 decomposes
as a dominated splitting Ec ⊕ F ′ where Ec is one-dimensional and satisfies λ(Ec,μ0) = 0. In
particular Ec is not uniformly contracted and as in the proof of Claim 1.7, there exists a unitary
vector v ∈ Ec such that (1.2) holds, as announced.
For any other invariant measure μ supported on K , the exponent λ(μ,Ec) should be non-
positive: otherwise μ would be hyperbolic with stable dimension smaller than dim(E) and
Corollary 1.5 would imply that we are in the first case of the theorem, contradicting our as-
sumption. 
Let K be an invariant compact set as in the previous claim. Let us consider the family of
invariant closed subsets K ′ ⊂ K such that (1.2) holds for some unitary vector v ∈ Ec
K ′ . This
family is invariant under decreasing intersections, hence one can replace K by some subset K ′
in this family which is minimal for the inclusion; by this argument, one can assume further-
more:
(*) For any invariant closed proper subset K ′  K , the bundle Ec
K ′ is uniformly contracted.
(In the case K holds a minimal dynamics, property (*) is obviously empty.)
For any ergodic measure μ supported on K the exponent λ(Ec,μ) is non-positive. If
λ(Ec,μ) = 0 for any μ, then we are in the third case of the theorem. It remains to consider
the case, for some invariant ergodic measure μ supported on K the exponent λ(Ec,μ) is neg-
ative. Let us define L  0 as the supremum of the negative exponents λ(Ec,μ) over all such
measures.
In the case L is zero, for each δ > 0, there exists an ergodic measure μ supported on K such
that λ(Ec,μ) belongs to (−δ,0). If δ is small enough, by Corollary 1.5 this measure is hyperbolic
and its stable bundle coincides with E′ = Es ⊕ Ec. Consider as in Proposition 1.4 a sequence
of periodic orbits On close to K whose associated invariant measures converge toward μ. Then,
these orbits are homoclinically related, and their maximal Lyapunov exponent along E′ (i.e. their
exponent along Ec) converges toward λ(Ec,μ), hence belong to (−δ,0). Their index dim(E′)
is not greater than dim(E) by definition, is not smaller either since we are not in the first case
of the theorem, hence E = E′ on K . We have shown that we are in the second case of the
theorem.
In the case L is negative, we introduce the splitting E′ ⊕ F ′ := (Es ⊕ Ec) ⊕ F ′ over K .
Using the domination E′ = Es ⊕Ec, one sees that there exists some integer ν > 1 and a positive
constant ε  L such that ‖Df ν|E′‖ eεnu.‖Df ν|Ec‖. By property (*), any invariant closed subset
K ′ ⊂ K supports an ergodic measure μ whose exponent λ(Ec,μ) is negative, hence smaller
than L. With (1.2) above, the following properties are satisfied.
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k−1∏
i=0
∥∥Df ν|E′(f iν(y))∥∥ ∥∥Df kν|Ec(y)∥∥ 1.
(b) For any invariant compact set K ′ ⊂ K , there exists a point x ∈ K ′ such that for any k  0,
k−1∏
i=0
∥∥Df ν|E′(f iν(x))∥∥ ekε.∥∥Df kν|Ec(x)∥∥ e−kν(L−ε).
These properties allow to apply Liao’s selecting lemma and its consequences (see [30, Propo-
sition 3.7 and Lemma 3.8] and [31]): for any δ > 0, there exists a sequence of periodic orbits
(On) which converge to a subset of K for the Hausdorff topology, that are homoclinically related
and whose maximal exponent along E′ (i.e. their exponent along Ec) belongs to (−δ,0). One
concludes as in the case L = 0: we are in the second case of the theorem. This ends the proof of
Theorem 1. 
1.3. Minimally non-hyperbolic sets
Theorem 1 implies in particular one of the main results of [30].
Theorem (Wen). Let f be a C1-generic diffeomorphism in Diff1(M) \ Tang∪Cycl. Then, any
minimally non-hyperbolic chain-transitive set K is partially hyperbolic; its central bundle is
either one-dimensional or the dominated sum of two one-dimensional bundles.
Remark 1.9. With the same proof one obtains also a result due to S. Gan, D. Yang and
L. Wen [13]: any minimally non-hyperbolic chain-transitive set K of a C1-generic diffeomor-
phism in Diff1(M) \ Tang has a dominated decomposition
TKM = Es ⊕Ec ⊕Eu
where Es,Eu are uniform. Moreover in the case dim(Ec) > 1, the set K is contained in a ho-
moclinic class whose set of indices contains i1 = dim(Es) + 1 and i2 = dim(Es ⊕ Ec) − 1.
From [2], all the i ∈ {i1, . . . , i2} are also indices of the class and consequently, F decomposes as
the dominated sum of one-dimensional central invariant bundles.
Proof. Since f is C1-generic, one can assume by [5] that all the homoclinic classes of f are
either disjoint or equal and that K is either contained in a homoclinic class or disjoint from all of
them. Since f is C1-generic and belongs to Diff1(M) \ Cycl, [2, Section 2.4] implies that each
homoclinic class has a unique index. Let us assume that K does not contain a non-hyperbolic set
K ′ with a partially hyperbolic splitting and a one-dimensional central bundle: in this case one
would have K = K ′ (by minimality property of K) and the conclusion of the theorem would
hold.
Let us consider a dominated splitting E ⊕ F over K . If E is not uniformly contracted, then
Theorem 1 applies. The third case of the theorem cannot occur since K does not contains a non-
hyperbolic set which has a partially hyperbolic structure and a one-dimensional central bundle.
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If one of the two first cases occurs, K meets a homoclinic class with index smaller than or equal
to dim(E).
Note that one can consider on K the trivial dominated splitting TKM ⊕ {0} and that the first
bundle is not uniformly contracted by assumption, so the previous argument applies, proving that
K is contained in a homoclinic class H(P ). Since f belongs to Diff1(M) \Tang, Wen’s theorem
in [29] implies that H(P ) (and K) has another dominated splitting E ⊕ F such that dim(E)
coincides with the index of P . Since K is not hyperbolic either E is not uniformly contracted or
F is not uniformly expanded.
If E is not uniformly contracted, since the index of H(P ) is unique and equal to dim(E), we
are in the second case of Theorem 1. In particular, the bundle E splits as a sum E′ ⊕ Ec1 where
Ec1 is one-dimensional. The bundle E
′ is uniformly contracted since otherwise one can apply
Theorem 1 again to the splitting E′ ⊕ (Ec1 ⊕F), contradicting the fact that the index of H(P ) is
unique.
If F is not uniformly expanded, the same arguments hold and prove that F splits as a domi-
nated decomposition Ec2 ⊕ F ′ where Ec2 is one-dimensional and F ′ is uniformly expanded. 
1.4. Spreading the dominated splittings
In the previous sections we obtained some partially hyperbolic sets K with a one-dimensional
central bundle. In the case K is minimal, we explain here how the dominated decomposition on
K extends to a larger set.
Proposition 1.10. Let f be a diffeomorphism in a dense Gδ set RExt ⊂ Diff1(M) \ Tang and
let K be a minimal set which has a partially hyperbolic splitting Es ⊕ Ec ⊕ Eu such that Ec
is one-dimensional and any invariant measure supported on K has a Lyapunov exponent along
Ec equal to 0. Then, for any chain-transitive set A that strictly contains K , there exists a chain-
transitive set A′ ⊂ A that strictly contains K and there exists a dominated decomposition E1 ⊕
Ec ⊕E3 on A′ that extends the partially hyperbolic structure of K .
At several times in the paper we will use the following result (see also Fig. 2).
Lemma 1.11. Let A be a chain-transitive set, K  A be a minimal set and assume that there
exists a neighbourhood U of K having the following property:
(I) Any chain-transitive set Λ satisfying K ⊂ Λ ⊂ U ∩A coincides with K .
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– 	+ contains K and ω(x+);
– for any ε > 0 and z ∈ 	+, there exists a ε-pseudo-orbit of f in 	+ that joints z to K .
There also exists a compact set 	− ⊂ U ∩ A and a point x− ∈ U \ 	− ∩ A such that the same
properties hold if one replaces f by f−1.
Moreover for any such pairs (	+, x+) and (	−, x−) one has 	− ∩	+ = K .
Proof. Let us fix a point x0 ∈ A \ U and a much smaller neighbourhood U ′ ⊂ U of K For any
ε > 0, there exists a ε-pseudo-orbit (z0, . . . , zn) in A with z0 = x0 and zn ∈ K . Let zi be the last
point of the pseudo-orbit outside U ′. We will only use the suborbit (zi, . . . , zn).
We claim that there exists η > 0 and for each ε > 0 and each ε-pseudo-orbit (zi, . . . , zn) there
exists a point zj such that the ball B(zj , η) does not contain any other point zk for i  k  n and
k = j . Indeed if this fails, then any limit set X for the pseudo-orbits (zi, . . . , zn) as ε goes to 0
would be an invariant compact set whose induced dynamics is chain-recurrent; as X is contained
in U and strictly contains K , this contradicts the assumption (I).
One may extract a sequence of pseudo-orbits {zj , zj+1, . . . , zn} which converges as ε goes to
zero toward a compact set Z+ and such that the points zj converge toward a point x+ ∈ Z+. By
construction Z+ is compact, forward invariant, included in U ∩A and contains K by minimality.
For every ε > 0 and every point z ∈ Z+, there exists a ε-pseudo-orbit in Z+ that joints z to K .
By our hypothesis on zj , the point x+ is non-periodic and isolated in Z+, hence it is disjoint
from K . One deduces that the set 	+ = Z+ \ {f n(x+), n 0} is compact, contains ω(x+) and
is invariant by f , as required.
The same construction holds if one replaces f by f−1. This gives a point x− and a set 	−.
The set 	− ∩	+ contains K , is invariant and chain-transitive; by (I) it coincides with K . 
We recall a consequence of the connecting lemma for pseudo-orbits (see [9, Theorem 7]).
Lemma 1.12. There exists a dense Gδ subset RChain ⊂ Diff1(M) of diffeomorphisms f having
the following property. Let X ⊂ M be a compact set and let x, y ∈ X be two points such that for
any ε > 0, there exists a ε-pseudo-orbit in X that joints x to y; then, for any ε > 0, there exists
a segment of orbit (z, . . . , f n(z)) contained in the ε-neighbourhood of X such that z and f n(z)
are ε-close to x and y respectively.
We also recall Hayashi’s connecting lemma [15] (see also [9, Theorem 5]).
Theorem (Hayashi). To any f ∈ Diff1(M) and to any neighbourhood U of f is associated an
integer N  1 such that any non-periodic point x ∈ M admits two neighbourhoods W ⊂ Ŵ
with the following property: for any p,q ∈ M \ (f (Ŵ ) ∪ · · · ∪ f N−1(Ŵ )) such that p has a
forward iterate f np(p) and q a backward iterate f−nq (q) which both belong to W , there exists
a perturbation g ∈ U of f with support in the sets Ŵ , f (Ŵ ), . . . , f N−1(Ŵ ) such that q coincides
with a forward iterate gm(p) of p by g.
Moreover {p,g(p), . . . , gm(p)} is contained in the union of the orbits {p,f (p), . . . , f np (p)},
{f−nq (q), . . . , q} and of the neighbourhoods Ŵ , . . . , f N(Ŵ ). Also the neighbourhoods Ŵ ,W
can be chosen arbitrarily small.
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Proof of Proposition 1.10. Let RExt be the set of diffeomorphisms that belong to RChain and
whose periodic orbits are hyperbolic. Let us assume that f belongs to RExt and prove the propo-
sition. One fixes δ0 > 0 as in Corollary 1.1 and a small neighbourhood U of f in Diff1(M).
One can assume that for some arbitrarily small neighbourhood U of K the isolation assump-
tion (I) is satisfied since otherwise the conclusion of the proposition holds obviously. If U has
been chosen small enough, then for any invariant measure in U the exponent along Ec belongs
to (−δ0, δ0).
Let x+, x− be two points in A and 	+,	− be two subsets of A as given by Lemma 1.11.
One applies the connecting lemma and finds an integer N  1 and some neighbourhoods W+ ⊂
Ŵ+, W− ⊂ Ŵ− at x+ and x− respectively. If the neighbourhoods are chosen small enough, the
following is satisfied.
– All the iterates f i(Ŵ+), f−j (Ŵ−) for 0 i, j N are pairwise disjoint and have closures
disjoint from the set 	+ ∪	−.
– The iterates f i(Ŵ+) for 0 i N are disjoint from the backward orbit {f−k(x−), k  0}.
By Lemma 1.12 there exists a segment of orbit (x0, . . . , f (x0)) contained in a small neighbour-
hood of A such that x0 ∈ W− and f (x0) ∈ W+.
By the connecting lemma there exists a perturbation h0 ∈ U of f supported in the f k(Ŵ+)
for 0 k N such that the orbit of x0 contains the forward orbit {f i(x+), i m} for some m
large. Note that the sets 	+ ∪ 	− and the backward orbit of x− have not been modified by the
perturbation. One can apply the connecting lemma a second time (using the fact that the f i(Ŵ−),
f j (Ŵ−) for 0 i, j N are pairwise disjoint) and find a perturbation h1 of h0 supported in the
f−k(Ŵ−) for 0 k N such that the backward orbit {f−i (x−), i m−} and the forward orbit
{f i(x+), i m+}, for some m−,m+ large, are connected. Moreover h1 still belongs to U . (This
way to compose perturbations with disjoint supports is detailed in [9, Section 2.1] and is related
to the lift axiom of [22, Section 2].) We denote by x a point of this “heteroclinic” orbit for h1
from 	− to 	+.
Since the set 	 = 	+ ∪ 	− has a dominated splitting Es ⊕ Ec ⊕ Eu, and since the orbit of
x accumulates on this set in the future and in the past, there exist at x some (unique) tangent
subspaces Eux ⊂ Ecux such that D(h1)−n.Eux and D(h1)−n.Ecux accumulate as n goes to ∞ to-
wards the bundles Eu and Ec ⊕ Eu respectively. Similarly there exists at h1(x) two subspaces
Esh1(x)
⊂ Ecsh1(x) such that D(h1)n.Esh1(x) and D(h1)n.Ecsh1(x) accumulate as n goes to ∞ towards
the bundles Es and Es ⊕Ec respectively. By a C1-small perturbation h of h1 at x, one can ensure
that Dh.Ecux is transverse to Esh(x) and that Dh.E
u
x is transverse to Ecsh(x). Hence the dominated
splitting on 	 extends to the orbit of x.
We now realise a C1-small perturbation g of h which possesses a periodic orbit O contained
in an arbitrarily small neighbourhood of 	 ∪ {hn(x), n ∈ Z} and has a point close to x. By
construction, there exists a large forward iterate hL(x) and a large backward iterate h−L(x)
which coincide with some large iterates f n+(x+) and f−n−(x−). By Lemma 1.12, there exists
an orbit (ζ, f (ζ ), . . . , f r (ζ )) contained in an arbitrarily small neighbourhood of
{
f n
(
x+
)
, n n+
}∪	∪ {f−n(x−), n n−}
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hr+L(ζ ) are close to x. By the connecting lemma applied at x, one can close as required the orbit
of ζ by a perturbation g. Note that the period r + 2L of the obtained orbit O is arbitrarily large if
ζ is chosen close enough to f n+(x+), and that r iterates are contained in a small neighbourhood
of 	. This implies that the (dim(Es)+ 1)-th exponent of O belongs to (−δ0, δ0).
We have shown that there exists a sequence of diffeomorphisms (gn) which converge to f ,
and a sequence of periodic orbits (On) which converge toward an invariant compact subset A′ of
A which strictly contains K (it contains x− and x+). Moreover each orbit On has a (dim(Es)+
1)-th Lyapunov exponent in (−δ0, δ0), hence by Corollary 1.1, On holds a dominated splitting
E3 ⊕ E2 ⊕ E3 with dim(E2) = 1 and dim(E1) = dim(Es). Since the splitting is uniform, it can
be passed to the limit set A′. By uniqueness of the dominated splittings, Es ⊕ Ec ⊕ Eu and
E1 ⊕E2 ⊕E3 coincide on K . 
Remark 1.13. Under the setting of Proposition 1.10, an additional property is satisfied (that we
will not use later):
The set A′ is the Hausdorff limit of periodic orbits of index dim(Es) whose Lyapunov exponent
along Ec is arbitrarily close to zero.
The proof uses the results proved in Sections 2 and 4. Let us give a sketch. in the case the
isolation property (I) is satisfied, this is a consequence of the proof of Proposition 1.10. If the
isolation property (I) fails, the set A′ may be chosen in an arbitrarily small neighbourhood of
A, hence it is partially hyperbolic; moreover by [9], A′ is the Hausdorff limit of a sequence of
periodic orbits (O′n). If all the measures supported on A′ have a Lyapunov exponent along Ec
equal to zero, then the central Lyapunov exponents of the orbits O′n are close to zero and the
additional property holds again. In the remaining case, the discussion of Section 2 will imply
that the dynamics in the central direction is either chain-transitive or chain-hyperbolic: in both
cases by the results of Section 4, A′ is limit of periodic orbits (O′n) that are homoclinically related
to each other in a small neighbourhood of A′. One may consider smaller sets A′′ ⊂ A′ and the
same argument implies that A′′ is the limit of periodic orbits (O′′n) that are homoclinically related
to the O′n in a small neighbourhood of A′. Note that the central exponents of the periodic orbits
O′′n are arbitrarily close to zero if A′′ is close enough to K . Since f is C1-generic, the periodic
O′n and O′′n are homoclinically related. By the transition property [6], there exists periodic orbits
close to A′ for the Hausdorff topology and whose central exponent is close to zero. This is the
required property.
2. Central models
Let f be any diffeomorphism in Diff1(M) and K be a chain-transitive compact set which has
a dominated splitting TKM = E1 ⊕ Ec ⊕ E3 where Ec is a one-dimensional subbundle. In this
section we analyse in a neighbourhood of K the dynamics that is “tangent to Ec” and study the
expansivity property of K . The description is topological and gives some information even when
the Lyapunov exponents of K along Ec are all zero. In the two first sections we recall definitions
and results from [10].
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The plaque family theorem [16, Theorem 5.5] associates to any invariant compact set K ,
which has a dominated decomposition E1 ⊕Ec ⊕E3, a plaque family tangent to Ec (not unique
in general). This is a continuous map Dc from the linear bundle Ec (over K) into M satisfying:
– for each x ∈ K , the induced map Dcx :Ecx → M is a C1-embedding that is tangent to Ecx at
the point Dcx(0) = x;
– (Dcx)x∈K is a continuous family of C1-embeddings of Ecx into M ;
– the plaque family is locally invariant, i.e. there exists a neighbourhood U of the section 0 in
Ec such that for each x ∈ K , the image of Dcx(Ecx ∩U) by f is contained in Dcf (x)(Ef (x)).
The last property allows to lift the dynamics of f as a fibred dynamics fˆ on the bundle Ec that
is locally defined in a neighbourhood of the (invariant) section 0.
In our setting K is chain-transitive and Ec is one-dimensional. So, two cases occur.
– The orientable case. There exists a continuous orientation of the bundle Ec that is preserved
by Df . Taking the opposite orientation, one gets exactly two preserved orientations:
equivalently, the unitary bundle UEc decomposes as the union of two disjoint chain-
transitive sets. The bundle Ec may be trivialised as K × R in such a way that the lifted
dynamics fˆ is fibrewise orientation preserving. One can thus study separately the dy-
namics of fˆ on K × [0,+∞) and K × (−∞,0]. In the following, we consider these
dynamics as two fibred systems fˆ+ and fˆ− on Kˆ × [0,+∞) where Kˆ = K .
– The non-orientable case. There does not exist any continuous orientation of the bundle Ec
that is preserved by Df . Equivalently, the dynamics of Df on UEc is chain-transitive.
Writing any element v ∈ Ec as a product t.v¯ with (v¯, t) ∈ UEc×[0,+∞), the dynamics
of fˆ may be considered on the space Kˆ × [0,+∞) where Kˆ = UEc.
The fibred systems fˆ−, fˆ+ or fˆ on Kˆ ×[0,+∞) are central models associated to the dynamics
of f along the central plaques Dcx of K .
More generally, in [10] we defined (abstract) central models (Kˆ, fˆ ) where the basis Kˆ is a
compact metric space and fˆ is a continuous map Kˆ × [0,1] → Kˆ × [0,+∞), such that
– fˆ (Kˆ × {0}) = Kˆ × {0},
– fˆ is a local homeomorphism in a neighbourhood of Kˆ × {0},
– fˆ is a skew product and takes the form fˆ (x, t) = (fˆ1(x), fˆ2(x, t)).
2.2. Classification
Definition 2.1. Let (Kˆ, fˆ ) be a central model.
A chain-recurrent central segment is a (non-trivial) segment I = {x} × [0, a] contained in a
chain-transitive fˆ -invariant compact subset of Kˆ × [0,1].
An open neighbourhood S of Kˆ × {0} is a trapping strip if, for any point x ∈ Kˆ , the intersec-
tion S ∩ ({x} × [0,+∞)) is an interval and if fˆ (S) ⊂ S.
The chain-stable set of Kˆ × {0} is the set of points z ∈ Kˆ × [0,1] such that for each ε > 0,
there is a ε-pseudo-orbit (z0, . . . , zn) in Kˆ × [0,1] with z0 = z and zn ∈ Kˆ × {0}. (One defines
symmetrically the chain-unstable set.)
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Proposition 2.2. Let (Kˆ, fˆ ) be a central model whose basis is chain-transitive. Then, four dis-
joint cases are possible:
– The chain-stable and the chain unstable sets are both non-trivial. Equivalently, there exists
a chain-recurrent central segment.
– The chain-stable and the chain-unstable sets of Kˆ × {0} are trivial: they are reduced to
Kˆ × {0}. Equivalently, there exist arbitrarily small neighbourhoods of Kˆ × {0} that are
trapping strips for fˆ and arbitrarily small neighbourhoods that are trapping strips for fˆ−1.
– The chain-stable set contains a neighbourhood of Kˆ ×{0} and the chain-unstable set is triv-
ial. In particular, there exist arbitrarily small neighbourhoods of Kˆ × {0} that are trapping
strips for fˆ .
– The chain-stable set is trivial and the chain-unstable set contains a neighbourhood of Kˆ ×
{0}: this case is symmetrical to the former one.
Proof. Let us first recall the results in [10, Section 2.5]. The chain-unstable set is trivial if and
only if there exist arbitrarily small neighbourhoods of Kˆ × {0} that are trapping strips for fˆ .
Moreover if there is no chain-recurrent central segment then the chain-stable set is either trivial
or contains a neighbourhood of Kˆ × {0}, and the same holds for the chain-unstable set.
From this one easily gets the equivalences in the two first cases of the proposition. If we are
not in one of these two cases, no chain-recurrent central segment exists, either the chain-stable
or the chain-unstable set of Kˆ × {0} is trivial, and the other set contains a neighbourhood of
Kˆ × {0}. As a consequence we are in one of the last two cases of the proposition. 
Let us come back to the description of the dynamics along the central plaques Dcx for a chain-
transitive compact set K as considered in the introduction of Section 2. Using Proposition 2.2,
one gets the following four (non-disjoint) types (see also Fig. 1).
– Type (R), chain-recurrent. For any cone C around Ec and for any ε > 0, there exist a chain-
transitive set K ′ containing K and included in the ε-neighbourhood of K , a point x ∈ K
and a non-trivial C1-curve γ ⊂ K ′ containing x, such that for any n ∈ Z, the iterate
f n(γ ) remains tangent to C and has a length bounded by ε. The curve γ is called a
central segment of K .
– Type (N), chain-neutral. There exist arbitrarily small neighbourhoods of the section 0 in Ec
that are attracting for fˆ , and arbitrarily small neighbourhoods that are attracting for
fˆ−1.
– Type (H), chain-hyperbolic. There exists an arbitrarily small closed neighbourhood of K ×
{0} in Ec that is mapped into its interior by fˆ (in the attracting case) or by fˆ (in the
repelling case) and whose image by Dc is contained in the chain-stable or in the chain-
unstable set of K respectively.
– Type (P), chain-parabolic. We are in the orientable case. Different situations occur.
– Type (PSU). For one central model, K×[0,+∞), there exists arbitrarily small neigh-
bourhoods of K ×{0} that are trapping strips for fˆ+ and which projects by Dc in the
chain-stable set of K ; for the other one, K × (−∞,0], there exists arbitrarily small
neighbourhoods of K ×{0} that are trapping strips for (fˆ−)−1 and which projects by
Dc in the chain-unstable set of K .
S. Crovisier / Advances in Mathematics 226 (2011) 673–726 693– Types (PSN) and (PUN) respectively. For one central model, K × [0,+∞), there
exists arbitrarily small neighbourhoods of K × {0} that are trapping strips for fˆ+
(resp. for (fˆ+)−1) and which projects by Dc in the chain-stable set of K (resp. in
the chain-unstable set of K); for the other one, K × (−∞,0], there exists arbitrarily
small neighbourhoods of K × {0} that are trapping strips for fˆ− and there exists
arbitrarily small neighbourhoods of Kˆ × {0} that are trapping strips for (fˆ−)−1.
Remarks 2.3.
(a) These definitions offer some flexibility: the chain-recurrent set K ′ and the chain-stable and
chain-unstable sets that appear in types (R), (H), (P) could satisfy other kinds of conditions.
For type (R), one could in principle have taken for K ′ the chain-recurrence class containing
K ; however it will be important in the following (in Proposition 4.2 below) that K ′ has the
same dominated decomposition as K and this is the reason why K ′ is chosen arbitrarily close
to K .
For types (H), (P), one considers the chain-stable and chain-unstable sets of the chain-
recurrence class of K , this will be important in the following (the proof of Lemma 5.7
below). Since the chain-recurrence class of K can be much larger than K , the global dy-
namics of f is used in these definitions.
In particular, the four types are not disjoint here; Proposition 2.2 however says that they
cover all the cases. One could have been more restrictive in the definition, considering
only pseudo-orbits in the central models as in [10]: one would have obtained four disjoint
types.
(b) If K has type (N), (H) or (P), this also holds on subsets K ′ ⊂ K . If K has type (R), this also
holds on larger sets K ′ ⊃ K .
(c) If K has type (N) or (P), all the Lyapunov exponents along the bundle Ec for the invari-
ant measures supported on K have to be equal to zero. In particular there is no hyperbolic
periodic orbit in K , the bundle E1 is uniformly contracted and the bundle E3 is uniformly
expanded. Any periodic orbit contained in a small neighbourhood of K has also a Lyapunov
exponent along Ec close to 0.
If K has type (H) attracting (resp. repelling), all the Lyapunov exponents along the bundle
Ec have to be non-positive (resp. non-negative). In particular the bundle E1 (resp. E3) is
uniformly contracted (resp. expanded).
(d) “Having type (N), (H)-attracting or (PSN )” is equivalent to the existence of arbitrarily small
neighbourhoods of the section 0 in Ec that are trapping strips for fˆ . Since E1 is uniformly
contracted in these cases, one can choose a plaque family Dcs tangent to E1 ⊕ Ec over K
which satisfies the following trapping property:
∀x ∈ K, f (Dcsx )⊂ Dcsf (x).
2.3. The type is well defined
We now prove that the type does not depend on the choice of a plaque family Dc . This is clear
for type (R) since the definition does not involve the choice of a central model. For the other
types, this is based on the following classical lemma, which is similar to results in [16].
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inated splitting E1 ⊕ E2. Then there exists r > 0 such that any plaque family D tangent to E1
whose plaques have a diameter bounded by r and satisfy the trapping property
∀x ∈ K, f (Dx) ⊂ Df (x),
also satisfies the following:
– Uniqueness. If D′ is another plaque family tangent to E1 then there exists a neighbourhood
U of the section 0 in E1 such that Dx(Ux) ⊂ D′x for each x ∈ K .
– Coherence. There exists ε > 0 such that for any points x, x′ ∈ K that are ε-close with x′ ∈
Dx , one also has f (Dx) ⊂ Df (x′).
Proof. Since K has a dominated splitting E1 ⊕E2, there exists a neighbourhood V of K where
a locally forward invariant cone field C around the direction E2 is defined. One chooses r > 0
small so that the plaques of D over K are contained in V and the action of f on balls of radius r
is almost linear.
We prove the uniqueness. There exists a neighbourhood U of the section 0 in E1 such that
for each x ∈ K and for each z ∈ Dx(Ux) there exists a curve γ tangent to C which connects z
to a point of D′x . By forward iterations f n(γ ) is still contained in V , tangent to the cone C and
connects the plaques Df n(x) and D′f n(x). Let σ ⊂ Dx and σ ′ ⊂ D′x be two curves that connect x
to the endpoints of γ . If the length of γ is non-zero, due to the domination, for n large the lengths
of f n(σ ) and f n(σ ′) decrease exponentially faster than the length of f n(γ ), which contradicts
the triangular inequality. One thus deduces that Dx(Ux) is contained in D′x as announced.
The argument for proving the coherence is similar: f (Df−1(x)) is a compact neighbourhood
of x in Dx . If x, x′ are close enough, then for any point z ∈ f (Df−1(x)) there exists a curve γ
tangent to C which connects z to a point of Dx′ . As before one deduces f (Df−1(x)) ⊂ Dx′ . By
the trapping property one has f (x′) ∈ Df (x), so the same proof gives also f (Dx) ⊂ Df (x′). 
Lemma 2.5. Let f be a diffeomorphism, K be a chain-transitive set which has a dominated
splitting E1 ⊕ Ec ⊕ E3 such that Ec is one-dimensional and Dc,Dcs be some plaque families
tangent to Ec and E1 ⊕Ec. If Dc has type (N) or (H)-attracting, then,
– there exists a neighbourhood U of the section 0 in Ec such that for each x ∈ K one has
Dcx(Ux) ⊂ Dcsx ;
– any other plaque family Dc ′ tangent to Ec has also type (N) or (H)-attracting.
If Dc has type (P), then, any other plaque family Dc ′ tangent to Ec has also type (P).
Proof. Reducing the plaques Dc , one may assume that they satisfy the trapping property stated
in Lemma 2.4 (see Remark 2.3(d)). Arguing as in the previous lemma one gets the first item.
Assuming that Dc has type (N) or (H)-attracting, the bundle E1 is uniformly attracting and the
plaques Dcs are foliated by strong stable manifolds tangent to E1. Since Dc satisfies the trapping
property and is contained in Dcs , one deduces that Dcs can be chosen to satisfy also the trapping
property.
If Dc,Dc ′ are two plaques families tangent to Ec, then by the first item one can assume that
they are contained in the plaques of Dcs . The central dynamics along Dc and Dc ′ are conjugated
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neighbourhood which is a trapping strip for fˆ or fˆ−1, then the same holds for a central model
associated to Dc ′. Hence if Dc has type (N), Dc ′ has type (N) also. If Dc has type (H)-attracting,
then the central models associated to Dc ′ have arbitrarily small trapping strips and the plaques
Dcs are contained in the chain-stable set of K ; consequently Dc ′ has type (H)-attracting also.
The same argument holds for the type (P). We first note that E1 = Es is uniformly contracted.
Let fˆ+ be one of the central models associated to the plaque family Dc and assume for instance
that there exists trapping strips that are arbitrarily small neighbourhoods of Kˆ × {0}. Let us con-
sider a plaque family Dcs tangent to the bundle Es ⊕ Ec. Each set Dcsx \ Wss(x), Dcx \ Wss(x),
Dc′x \Wss(x) has two components: we denote by Dcs,+x , Dc,+x and Dc′+x the component tangent to
the half plaques of the central model fˆ+. Arguing as before, one proves that Dc,+x ,Dc
′,+
x are con-
tained in Dcs,+. The strong stable lamination on the plaques Dcs conjugates the dynamics along
Dc,+ and Dc′,+, so that the central model along the plaque family Dc′,+ also admits trapping
strips that are arbitrarily small neighbourhoods of Kˆ × {0}. The end of the proof follows. 
Hence we obtain that the type is well-defined.
Corollary 2.6. Let f be a diffeomorphism, K a chain-transitive set which has a dominated
splitting E1 ⊕Ec⊕E3 such that Ec is one-dimensional, and Dc,Dc ′ two plaque families tangent
to Ec. Then, the dynamics along the plaques of Dc and along those of Dc ′ have the same types.
2.4. Extremal bundles
We now discuss the possibility for one of the bundles E1 or E3 to be degenerated.
Proposition 2.7. Let f be a diffeomorphism and K be a chain-transitive set which has a domi-
nated splitting E1 ⊕Ec such that Ec is one-dimensional. If K has type (N), (P) or (H)-attracting,
then K contains a periodic orbit.
Proof. One can assume that K is minimal. We know that the bundle Es = E1 is uniformly
contracted. We will deal with the orientable case (the non-orientable case is similar and simpler).
By assumption there exists a central model for K which has arbitrarily small trapping strips. By
projecting this central model, one finds a family of half open plaques Dcs,+x , x ∈ K tangent to
Es ⊕Ec bounded by Wssloc(x) and such that
f
(Dcs,+x )⊂ Dcs,+f (x) ∪Wssloc(f (x)).
Each plaque Dcs,+x is a component of Dcsx \Wssloc(x) and hence is a uniform half neighbourhood
of x. Consequently if f n(x) is a return close to x, either f n(x) ∈ Wssloc(x), or x ∈ Dcs,+f n(x), or
f n(x) ∈ Dcs,+x . In the first case (f n(x))n0 converges to a periodic orbit. In the second case,
since K is minimal, x′ = f n(x) has a return f n′(x′) arbitrarily close to x, hence which satisfies
f n
′
(x′) ∈ Dcs,+
x′ ; we are thus reduced to the third case. In the third case, the set Dcs,+x ∪Wssloc(x)
is forward invariant by f n and foliated by strong stable one-codimensional manifolds. One con-
cludes that there exists a closed segment σ ⊂ Dcs,+x ∪ Wssloc(x) tangent to the central bundle,
which is n-periodic and such that the orbit of any point in Dcs,+x converge toward a periodic
point in σ . In all the cases, the orbit of x accumulates on a periodic point of K . 
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possesses a fixed circle C which is normally attracting and whose induced dynamics is conju-
gated to an irrational rotation; the minimal set C has type (R) but does not contain any periodic
orbit. The dynamics in case (R) is covered by [26, Section 3]: in particular if f is C2, then K
contains either a periodic orbit or a periodic circle with the dynamics of an irrational rotation.
As a consequence of Proposition 2.7, if f is a Kupka–Smale diffeomorphism, then a chain-
transitive set which has a splitting E1 ⊕ Ec cannot have type (N) or (P). It will follows from
results the next sections (see Proposition 4.1) that if f belongs to a dense Gδ subset of Diff1(M),
the set cannot have type (R) either. Hence, it has type (H); if moreover it has type (H)-attracting,
this is a sink.
2.5. A weak shadowing lemma
In this section, f is a diffeomorphism and K is a chain-transitive set which has a partially
hyperbolic splitting Es ⊕ Ec ⊕ Eu such that Ec is one-dimensional. One fixes a small neigh-
bourhood U0 of K such that the maximal invariant set K̂ in U0 still has the partially hyperbolic
structure of K . One also fixes a plaque family Dcs tangent to Es ⊕Ec over K̂ .
Let 0 < δ < r . An orbit (f n(x))n0 in K̂ is said to r-shadows a sequence (zn)n0 in U0
if for each n  0, the point zn is at distance < r from f n(x). It is said to (r, δ)-cs-shadows a
sequence (zn)n0 in U0 if it r-shadows (zn)n∈Z and for each n  0, the point zn is at distance
< δ from Dcsf n(x). The following result generalises the classical shadowing lemma. (See also [12]
for another generalisation.)
Lemma 2.9. If Ec has type (N), (H)-attracting or (PSN ), then for any r > 0 there exists a neigh-
bourhood U1 ⊂ U0 of K such that for any δ > 0 there exists ε > 0 with the following properties.
– Any ε-pseudo-orbit (zn)n0 in U1 is (r, δ)-cs-shadowed by an orbit (f n(x))n0 in K̂ . More-
over if (zn)n0 is τ -periodic, one can choose (f n(x))n0 to be τ -periodic.
– If (f n(x))n0 and (f n(x′))n0 both r-shadow (zn)n0, then x′ belongs to Dcsx .
Remark 2.10. If K has type (N), the central plaques Dc are uniquely defined and coincides with
the intersections Dcs ∩ Dcu (by Lemma 2.4). If (zn)n∈Z is a ε-pseudo-orbit in U1, one deduces
that there exists an orbit (f n(x))n∈Z which (r, δ)-c-shadows (zn)n∈Z: for each n, the point zn is
at distance < δ from Dcf n(x).
Proof. The proof is similar to the geometrical proof of the classical shadowing lemma, but the
uniform contraction along the stable direction has to be replaced by the topological trapping
property stated in Lemma 2.4.
By Remark 2.3(d), one may consider a plaque families D˜cs whose plaques have a diameter
much smaller than r and whose restriction to the set K has the trapping property of Lemma 2.4.
This trapping property extends to the maximal invariant set in a neighbourhood U1 of K . By
Lemma 2.5 the plaques D˜cs are contained in the plaques Dcs .
Let us fix δ0 > 0 small. For each point x ∈ K̂ , one can define a tubular neighbourhood Tx of
D˜csx with width δ0 in the direction Eu. The trapping property and the uniform expansion along
Eu implies that f (Tx)∩ Tf (x) is a tubular neighbourhood f (D˜csx ) having the same width. Hence
it is contained in Tf (x). By continuity there exists ε0 > 0 such that if f (x) and x′ are ε0-close
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(zn)n0 is a ε0-pseudo-orbit then for any n 0 the intersection of the f n−k(Tzk ) for 0 k  n
is a (non-empty) tubular neighbourhood of a subset of D˜cszn .
One may reduce the set U1 so that any ε0-pseudo-orbit (zn)n0 in U1 can be extended in the
past. With this property, one can define the intersection An of the f−k(Tzk ) for |k| n:
An = f−n
(⋂
f n−k(Tzk )
)
.
The previous argument shows that this is non-empty. One deduces that the intersection of the An
is non-empty: it contains points x in K̂ such that each iterate f n(x) is δ0-close to a point in D˜cszn .
In particular the points f n(x) and zn are at distance less than Diam(D˜cszn )+ δ0 < r .
Let us assume that the sequence (zn)n0 is a ε-pseudo-orbit for ε smaller. We have to show
that it is (r, δ)-cs-shadowed by the half orbits (f n(x))n0 that we have built, where the constant
δ can be taken arbitrarily small as ε goes to zero. We thus fix some δ′ > 0 and consider an
integer N  1 such that a tubular neighbourhood (of width δ0) is contracted by f−N as a tubular
neighbourhood of width less than δ′. For any point y ∈ K̂ , the closure of the set f (Tf−1(y)) ∩
Ty ∩ f−1(Tf (y)) is contained in the interior of Ty , so that by choosing ε small enough for any
k ∈ {0, . . . ,N}, the set f (Tzk−1)∩ Tzk ∩ f−1(Tzk+1) is contained in Tf k(z0). One deduces that the
intersection of the f−k(Tzk ) for 0  k  N is contained in the intersection of the f−k(Tf k(z0))
for 0  k < N , hence is contained in the δ′-tubular neighbourhood of D˜csz0 . With this argument
one deduces that each forward iterate f n(x) of a point x built above is both δ′-close to a point
in D˜cszn and r-close to zn. The point zn is thus δ-close to Dcsf n(x) for some constant δ that goes to
zero as δ′ decreases. This proves the required property and half of the first item of the lemma.
Let us assume that two orbits (f n(x))n0 and (f n(x′))n0 r-shadow the same pseudo-orbit
(zn)n0. One can repeat the argument of Lemma 2.5: for each n 0, the points f n(x′) and f n(x)
are 2r-close. Let γ be a curve tangent to a cone around the direction Eu that joints x′ to Dcsx .
If the length of γ is non-zero, by forward iterates the length of f n(γ ) increases exponentially,
contradicting the fact that f n(x′) and f n(x) remain 2r-close. This proves that x′ ∈ Dcsx and
proves the second item of the lemma.
Let us assume that the sequence (zn)n0 is τ -periodic and let (f n(x))n0 be a sequence
that (r, δ)-cs-shadows (zn)n0. Then the sequences (f n+kτ (x))nn, for any k  1, also (r, δ)-
cs-shadows (zn)n0, so that x and f τ (x) are 2r-close and f τ (x) belongs to the plaque Dcsx .
Note that one can have reduced the plaques Dcs from the very beginning so that they satisfy the
trapping property of Lemma 2.4. One then deduces that f τ (Dcsx ) is mapped inside Dcsx and that x
belongs to the stable manifold of a τ -periodic point p. The sequences (f n+kτ (x))nn converge
pointwise towards the periodic sequence (f n(p))n0. Hence the orbit of p also (r, δ)-cs-shadows
(zn)n0. This finishes the proof of the first item. 
As a consequence one can control the strong stable manifolds of periodic orbits close to a
partially hyperbolic set of type (N).
Corollary 2.11. Let K be a chain-transitive set which has a partially hyperbolic splitting Es ⊕
Ec ⊕ Eu such that Ec is one-dimensional and has type (N). Let x ∈ K . Then, for every η > 0
there exists a neighbourhood U of K with the following property. For any periodic orbit O
contained in U , there exists a point y ∈ Wss(O) that is η-close to x and whose forward orbit is
contained in the η-neighbourhood of K .
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be precised later. Let δ, ε > 0 be two small constants as in Lemma 2.9. Let O be a periodic orbit
contained in a ε-neighbourhood of K .
Since K is chain-transitive there exists a ε-pseudo-orbit (zn)n0 in K whose tail coincides
with O and such that z0 = x. One deduces that there exists an orbit (f n(x′))n0 that (r, δ)-cs-
shadow the pseudo-orbit. Moreover, by uniqueness in Lemma 2.9, for n large f n(x′) belongs to
Dcsf n(p) where p is a point in O. Since the points f n(x′) and f n(p) are at distance r , one deduces
from Lemmas 2.4 and 2.5 that a uniform neighbourhood of f n(x′) in Dc
f n(x′) is contained in the
plaque Dcs
f n(p)
. In particular Wssloc(f
n(p)) and Dc
f n(x′) intersect at some point y
n
.
Having chosen r > 0 small, the distance between f n(x′) and yn ∈ Dc
f n(x′) is small. Since
the central dynamics along the plaques Dc is trapped under backward iterations, the distance
between f−n(yn) and x′ is small also.
We thus have shown that provided r is small, the point x′ is arbitrarily close to a point y ∈
Wss(O). Since r < η, by construction the forward orbit of y belongs to the η-neighbourhood
of K . 
The existence of non-minimal sets of type (N) allows to create heterodimensional cycles.
Corollary 2.12. Let f be a diffeomorphism whose periodic orbits are hyperbolic and let A be
a chain-transitive partially hyperbolic set with a one-dimensional central bundle of type (N). If
A is not minimal, then for each minimal set K ⊂ A and each neighbourhoods U of K and V of
A, there exists a diffeomorphism g arbitrarily C1-close to f having a heterodimensional cycle
contained in V and associated to periodic orbits contained in U .
Proof. Consider a neighbourhood U of f in Diff1(M) and a point x ∈ A\K . One may always as-
sume that it is non-periodic: if x is periodic (and hyperbolic by assumption), the chain-transitive
set A should contain a point x′ ∈ Ws(x) \ {x} close to x which is non-periodic. One can apply
the connecting lemma to (f,U) and introduce an integer N  1 and two small neighbourhoods
W ⊂ Ŵ of x such that the N first iterates of Ŵ are disjoint from K and contained in V . By
Lemma 2.9, there exists a periodic orbit O contained in an arbitrarily small neighbourhood of K
and by Corollary 2.11, the strong stable and unstable manifolds of O intersect W . The connect-
ing lemma produces a C1-perturbation of f in U with support in the N first iterates of Ŵ (hence
disjoint from K) which connects the strong manifolds of O. Since the central exponent of O
is arbitrarily close to 0 (by Remark 2.3(d)), another C1 perturbation gives a heterodimensional
cycle (Proposition 0.3). By construction the heteroclinic orbits are contained in V . 
3. Twisted partially hyperbolic sets
We here study partially hyperbolic sets which have a twisted geometry that already appeared
in [8] and [10]. It generates strong homoclinic intersections by C1-perturbation.
3.1. Definition and main result
Let K be an invariant compact set with a partially hyperbolic structure Es ⊕ Ec ⊕ Eu, such
that Es , Eu are both non-degenerated and Ec is one-dimensional. Recall that any point x ∈ K has
local strong stable and local strong unstable manifolds Wss (x) and Wuu(x) tangent to Es andloc loc x
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Eux ; this is also the case for any diffeomorphism C1-close and any point whose orbit is contained
in a small neighbourhood of K .
Some pairs of close points p,q ∈ K are in a twisted position if one can connect Wssloc(p) to
Wuuloc(q) and W
ss
loc(q) to W
uu
loc(p) by two (small) curves tangent to a central cone field and having
a same orientation (see Fig. 3): this is possible since the bundle Ec can be locally oriented. In
particular if Wssloc(p) and W
uu
loc(q) intersect, the pair (p, q) is in a twisted position.
In principle this definition depends on the choice of local orientations and cone fields but it
is noticed in [10] that this notion is well-defined when the distance d(p,q) goes to zero. Hence,
this allows the following definition.
Definition 3.1. The set K is said to be twisted if there is ε > 0 such that for any p,q ∈ K
satisfying d(p,q) < ε, the pair (p, q) is twisted.
Proposition 3.2. Let f be a diffeomorphism and let K be a twisted partially hyperbolic set which
holds a minimal dynamics and is non-periodic. Then for any neighbourhood U of f in Diff1(M)
and U of K in M , there exist g ∈ U having a periodic orbit O which exhibits a strong homoclinic
connection associated to a homoclinic orbit contained in U .
Corollary 3.3. Let f be a diffeomorphism and consider a non-periodic minimal set K which
has a partially hyperbolic structure Es ⊕ Ec ⊕ Eu such that Ec is one-dimensional. If K has
type (P) or (N) and is twisted, then, for any neighbourhood U of f and U of K , there exists a
diffeomorphism g ∈ U which exhibit a heterodimensional cycle contained in U .
Proof. One applies Proposition 3.2: there exists a perturbation g0 of f having a periodic orbit
O which exhibits a strong homoclinic connection associated to a homoclinic orbit contained in
a small neighbourhood of K . Since K has type (P) or (N), the exponent of O along Ec is close
to zero. By Proposition 0.3, one gets with another C1-perturbation a heterodimensional cycle
in U . 
The end of the section is devoted to the proof of Proposition 3.2. One will first create a per-
turbation g of f and a periodic orbit O = (x, g(x), . . . , gτ (x) = x) by the closing lemma: the
period of O can be chosen arbitrarily long but there exists an integer N  1 (which is the time
needed to perform the perturbation) such that the segment of orbit (x, g(x), . . . , gτ−N(x)) coin-
cides with (x, f (x), . . . , f τ−N(x)) and belongs to K . Since K is twisted and most of the iterates
of O belong to K , we will deduce that the orbit O is “almost twisted” for g. Since its period is
arbitrarily long, one can repeat the argument in [10] for twisted orbits and by perturbation one
will obtain a strong homoclinic intersection for O.
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We first recall how one can perturb the dynamics of f in order to create a periodic or-
bit close to K . We denote by d the dimension of M . A standard cube in Rd is a set of the
form C = [−a, a]d + v where a > 0 and v ∈ Rd . For t > 0 we denote by t.C the standard
cube [−t.a, t.a]d + v. A main step towards Pugh’s closing lemma is the following (see [4,
Théorème 22] and [5, Théorème A.1]).
Theorem (Pugh). Let f be a diffeomorphism, U0 be a neighbourhood of f in Diff1(M), z ∈ M
be a non-periodic point and λ > 1. Then there exists
– a chart ϕ :Ω ⊂ Rd → M around z,
– an integer N  1,
with the following property.
For any standard cube λ.C ⊂ Ω and any x, y ∈ ϕ(C), there exists g ∈ U0 such that:
– gN(y) = f N(x);
– g is a perturbation of f with support in the union of the f k(ϕ(λ.C)) with 0 k < N .
In order to create a periodic orbit, one looks for a (non-trivial) segment of orbit (x, . . . , f n(x))
with x,f n(x) ∈ ϕ(C) such that all the intermediary iterates f k(x) for 0 < k < n avoid ϕ(λ.C).
One possible approach is to assume that z belongs to the support of an invariant probability
measure μ and to argue in a similar way as in the proof of Mañé’s ergodic closing lemma [17].
The restriction of the measure μ to the image of ϕ is non-zero and lifts as a measure μ˜ on Ω .
Lemma 3.4. If λd+1 < 32 , there exists a standard cube λ.C ⊂ Ω which satisfies μ˜(C) >
1
2 μ˜(λ.C).
Proof. The proof is by contradiction: one assumes that for each standard cube λ.C ⊂ Ω , one has
μ˜(C)  12 μ˜(λ.C). Let C0 be a standard cube with positive measure m0 = μ˜(C0) and such that
2.C0 is contained in Ω . One builds inductively a sequence of standard cubes Cn of positive mea-
sure mn = μ˜(Cn) in the following way. The cube Cn can be divided into 2d standard cubes with
disjoint interior and same radii. One of them, denoted by C′n, has measure larger than 2−dmn.
We define Cn+1 = λd+1.C′n. By our assumption it has measure larger than 2d+1μ˜(C′n), hence
larger than 2μ˜(Cn). However by our choice of λ, the cube 2.Cn+1 is contained in 2.Cn and has a
radius less than 3/4 times the radius of 2.Cn. The cubes Cn are thus all contained in Ω and their
measures increase exponentially contradicting the fact that μ˜ is finite. 
As a consequence there exists a set A ⊂ ϕ(C) with positive measure for μ and an integer
n  1 such that f k(A) ∩ ϕ(λ.C) = ∅ for any 0 < k < n and f n(A) ⊂ ϕ(C). Any segment of
orbit (x, . . . , f n(x)) with x ∈ A can be closed by Pugh’s theorem.
3.3. A codimensional version of the closing lemma
Pugh’s theorem allows to modify the image of a point with a good control on the support of
the perturbation. We state a variation of this result which allows to modify the image of a point
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p2 the orthogonal projection of Rn on {0}s × Rn−s .
Proposition 3.5. Let f be a diffeomorphism, U0 be a neighbourhood of f in Diff1(M), K ⊂ M
be an invariant compact set with an invariant continuous splitting TKM = E ⊕ F with s =
dim(E), z ∈ K be a non-periodic point and λ > 1. Then, there exists
– a chart ϕ :Ω ⊂ Rd → M around z satisfying D0ϕ.(Rs × {0}n−s) = Ez,
– an integer N  1 and a constant α0 > 0,
– two functions β,γ : (0, α0) → (0,1) satisfying β(α), γ (α)−→
α→0 0,
with the following property.
For any α ∈ (0, α0), any standard cube λ.C ⊂ BRd (0, γ (α)), and any x, y ∈ ϕ(C) satisfying
d
(
p2 ◦ ϕ−1(x),p2 ◦ ϕ−1(y)
)
< α.diam(C), (3.1)
there exists g ∈ U0 such that
– gN(y) = f N(x);
– g is a perturbation of f with support in the union of the f k(ϕ(λ.C)) with 0 k < N ;
– for each 1 k N one has
d
(
p2 ◦ ϕ−1
(
f−kgk(x)
)
,p2 ◦ ϕ−1(y)
)
< β(α).diam(C). (3.2)
As for Pugh’s theorem above, this can be deduced from a result about linear maps (see [5,
Proposition A.1]).
Lemma 3.6 (Pugh). Let (Tn)n0 be a sequence in GL(s,R), η be a constant in (0,1) and λ > 1.
Then there exist A ∈ GL(s,R) and an integer N  1 with the following property.
For any x, y in the standard cube C0 = [0,1]s , there exists a sequence (z0, . . . , zN) in the
cube
√
λ.C0 such that
– z0 = x, zN = y;
– for each 1 k N one has
d
(
TkA(zk−1), TkA(zk)
)
< η.d
(
TkA(
√
λ.C0),R
s \ TkA(λ.C0)
)
.
Proof of Proposition 3.5. We fix a Riemannian metric on M . Reducing the neighbourhood U0
of f there exist δ > 0 and ρ ∈ (0,1) such that for any disjoint balls B(x1, r1), . . . ,B(x, r)
in M with radius ri < δ and any points ai, bi ∈ f−1(B(xi, ρ.ri)), i = 1, . . . , , there exists an
(elementary) perturbation g ∈ U0 supported in the union of the balls f−1(B(xi, ri)) such that
g(ai) = f (bi) (this exists by the lift axiom of [22, Sections 2 and 6]).
Let us fix orthonormal bases at the forward iterates of z by f . Each tangent space is thus iden-
tified to Rd and one can assume furthermore that Df n.Ez is identified to the space Rs × {0}d−s
for each n 0. The derivative Dzf n :TzM → Tf n(z)M induces a linear map T̂n ∈ GL(d,R) and
the restriction of Dzf n to Ez induces a linear map Tn ∈ GL(s,R).
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from below. Consequently, one can consider the splitting Ez ⊕ Fz at z: there exists σ ∈ (0,1)
such that for any set 	 ⊂ Rs and any n 0, if a ball BRs (x, r) in Rs is contained in Tn(	), then
the ball BRd (x × {0}d−s , σ.r) in Rd is contained in T̂n(	× F).
We apply Lemma 3.6 to the sequence (Tn) and to the constant η = ρσ . This gives us an
integer N  1 and a linear map A ∈ GL(s,R). Let us choose a > 0 and define Â ∈ GL(d,R)
which preserves and coincides with A on Rs × {0}d−s = Ez and which maps {0}s × Rd−s on Fz
by a conformal linear map with scaling factor a. Let C0 = [0,1]s be the standard cube in Rs and
Ĉ0 be the standard cube in Rd . For any x, y in Ĉ0 such that y − x ∈ Ez, there exists a sequence
(z0, . . . , zN) in
√
λ.Ĉ0 such that:
– z0 = x, zN = y,
– for each 1  k  N , the points ak = T̂kÂ(zk−1) and bk = T̂kÂ(zk) satisfy ak − bk ∈ Rs ×
{0}d−s and their distance is less than η times the distance
δk = d
(
TkA(
√
λ.C0),R
s \ TkA(λ.C0)
)
.
For each 1  k  N , let us denote by ck ∈ T̂kÂ(
√
λ.Ĉ0) the middle between ak and bk and let
us set rk = σ.δk . By definition of δk and the choice of σ , the ball centred at ck with radius rk is
contained in T̂k(A(λ.C0) × F) = T̂kÂ(λ.C0 × F). If a has been chosen large enough, the ball
centred at ck with radius rk is contained in T̂kÂ(λ.Ĉ0). Moreover the ball centred at ck with
radius ρ.rk = ηδk contains both ak and bk .
By continuity, the same property holds if we replace the assumption y − x ∈ Ez by p2(x − y)
close to 0: there exists α0 > 0 such that, for any x, y ∈ Ĉ0 satisfying d(p2(x),p2(y)) < α with
α ∈ (0, α0), there exists a sequence (z0, . . . , zN) in
√
λ.Ĉ0 and for each 1 k N there is a ball
B(ck, rk) contained in T̂kÂ(λ.Ĉ0) such that B(ck, ρ.rk) contains the points ak = T̂kÂ(zk−1) and
bk = T̂kÂ(zk). Note that when α goes to zero, the sequence (z0, . . . , zN ) is closer to an affine
plane in the direction of Rs × {0}d−s . One deduces that the distance between p2(ak) and p2(bk)
is less than some function β0(α) that goes to zero when α → 0. Note that the same properties are
valid if one rescales or translates the standard cube C0. This ends the proof in the linear case.
Let us define the chart ϕ = expz ◦ Â where expz is the exponential map from a neighbourhood
Ω of 0 in Rd (identified to TzM) to a neighbourhood of z in M . By construction ϕ maps 0 to z
and D0ϕ maps Rs ×{0}d−s to Ez. Since at small scales f,f 2, . . . , f N act on the distances as the
linear maps T1, . . . , TN , one gets the following construction, assuming that the neighbourhood
Ω is small enough. Let C ⊂ Rd be a standard cube such that λ.C ⊂ Ω and let x, y ⊂ ϕ(C)
satisfying (3.1) for some α ∈ (0, α0).
– There exists a sequence (x = z0, . . . , zN = y) of points in the cube ϕ(
√
λ.C) such that z0 =
x, zN = y and a sequence of balls B(x1, r1), . . . ,B(xN, rN) such that B(xk, rk) is contained
in f k(ϕ(λ.C)) and B(xk,ρ.rk) contains the points ak := f k(zk−1) and bk := f k(zk).
– Since z is non-periodic, by choosing Ω small, the iterates Ω,f (Ω), . . . , f N(Ω) are pairwise
disjoint and in particular the balls B(xk, rk) for k = 1, . . . ,N are disjoint. One can apply an
elementary perturbation to the points ak and bk and obtain a perturbation g ∈ U supported
on the iterates f k(ϕ(λ.C)) with 0 k N − 1 and such that gN(x) = y.
When one decreases α, the property obtained in the linear case implies (3.2) provided f k is close
enough to Tk , i.e. that the cube λ.C is contained in a small neighbourhood B(0, γ (α)) of 0 in Rd .
This gives all the conclusions of the proposition. 
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The proof of Proposition 3.2 will be implied by the two lemmas below. We first note that by
applying the results of the previous sections at the twisted set K , we do not a priori get a twisted
periodic orbit O. We keep however some information (provided by Lemma 3.8): any close points
p,q ∈ O will almost lie in a plane tangent to Es ⊕Ec. This allows to get by a new perturbation
a strong homoclinic intersection (Lemma 3.10).
Fix a central cone field around the bundle Ec and fix a small neighbourhood U of K and U
of f . For ρ > 0 and g ∈ U , two points p,q whose g-orbit remain in U are said to be ρ-twisted
for g if one can connect Wssloc(p) to W
uu
loc(q) and W
ss
loc(q) to W
uu
loc(p) (as local manifolds for g) by
two (small) curves tangent to the central cone and whose length is smaller than ρ.d(p, q). Since
at small scales the bundles Es and Eu are almost constant, this property holds for points p,q in
the twisted set K :
For any ρ > 0 there is ε > 0 such that any p,q ∈ K at distance less than ε are ρ-twisted for f .
This property can be also seen in coordinates. Consider an exponential chart expz :Uz ⊂
Rd → M at some point z ∈ K and the induced (non-dominated) splitting (Esz ⊕Euz )⊕Ecz of Rd .
One defines in expz(Uz) a central distance dc by considering the projection on Ecz in the chart.
Any points p,q ∈ expz(Uz)∩K are in twisted position, hence dc(p, q) η.d(p, q) where η can
be chosen arbitrarily small if Uz is small enough. For g ∈ U and any point p ∈ expz(Uz) whose
orbit by g remains in U , the manifold exp−1z (Wssloc(p)) is tangent to a cone arbitrarily thin around
Esz provided g is close enough to f and Uz is small enough; a similar property holds for Wuuloc(p).
One deduces the following:
Claim 3.7. For any ρ > 0 and z ∈ K , one can choose η > 0, a C1-neighbourhood U ′ of f and a
neighbourhood Uz of 0 ∈ Rd with the following property. For any g ∈ U ′ and any p,q ∈ expz(Uz)
whose orbits by g remain in U , if dc(p, q) < η.d(p, q) then p and q are ρ-twisted for g.
Let (fn) be a sequence of diffeomorphisms which converges toward f in Diff1(M) and let
(On) be a sequence of fn-periodic orbits which converges toward K in Hausdorff topology. We
say that (On) has almost twisted returns if for any ρ ∈ (0,1), there exists ε > 0 such that, for any
n, any points p,q contained in On and at distance smaller than ε are ρ-twisted for fn.
Lemma 3.8. There exists a sequence of diffeomorphisms (fn) converging towards f in Diff1(M)
and a sequence of periodic orbits (On) which converges toward K for the Hausdorff topology
and which has almost twisted returns.
Proof. Since K is twisted, there exist two decreasing sequences of positive numbers (εn)n0
and (ρn)n0 which goes to zero as n goes to +∞ and such that any p,q ∈ K at distance smaller
than 2εn are ρn2 -twisted.
Let us fix n  0. The local manifolds at a point x whose orbit is contained in U are C1
immersed discs which depend continuously on the diffeomorphism and on the point x. This
implies that there exists a neighbourhood Un of f satisfying:
(1) For any 0  i  n and any points p0, q0 ∈ K at distance less than 2εi , there exist some
neighbourhoods U(p0) and U(q0) such that, for any g ∈ Un, any points p ∈ U(p0), q ∈
U(q0) whose orbit under g remain in U are ρi -twisted for g.
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the neighbourhood Un of f and choose η > 0 with the following property.
(*) For any g ∈ Un and any points p,q in a same exponential chart and whose orbit under g
remains in U , if dc(p, q) < η.d(p, q), then p and q are ρn-twisted for g.
Let us now create a periodic orbit On by using the method described in the previous sections.
One first considers a point z0 ∈ K which is the centre of one of the exponential charts which
cover K . One applies Proposition 3.5 to (f,Un), to the set K , to the continuous splitting (Es ⊕
Eu) ⊕ Ec and to some constant λ > 1 such that λ2(d+1) < 32 . One gets another chart ϕ :Ω ⊂
Rd → M at z0. One also gets an integer N  1 and two functions β,γ : (0, α0) → (0,1). One
may reduce the open set Ω so that the iterates f k(ϕ(Ω)), 0  k  N , are disjoint and each
of them is contained in an exponential chart expzk (Uzk ) from the covering of K ; in particular
ϕ(Ω) ⊂ expz0(Uz0). One may reduce Ω again so that:
(2) There exists η′ ∈ (0,1) such that for any p,q ∈ ϕ(Ω) satisfying dc(p, q)  η′.d(p, q) for
the coordinates of the chart expz0 , we also have d
c(f k(p), f k(q)) η.d(f k(p), f k(q)) for
the coordinates of the chart expzk and for any 1 k N .
Using (1), one can also require:
(3) For any g ∈ Un, any 0  i  n, any k =  in {0, . . . ,N}, any points p ∈ f k(ϕ(Ω)) and
q ∈ f (ϕ(Ω)) that are εi -close whose orbit by g remain in U , are ρi -twisted for g.
There exists a constant 	 > 0 such that for any standard cube λ2.C ⊂ Ω , and any points q /∈
ϕ(λ2.C) and x, y ∈ ϕ(λ.C) one has
diam
(
ϕ(C)
)
	.d(q, y) and d(q, x)	.d(q, y). (3.3)
For any points p,q ∈ K ∩ ϕ(Ω) one has
dc(p, q) η′′.d(p, q), (3.4)
for the coordinates of expz0 , where η
′′ > 0 can be chosen arbitrarily small if Ω is small enough.
As a consequence, if one applies Proposition 3.5 to some standard cube λ.C ⊂ Ω , and some
points x, y ∈ ϕ(C) ∩ K , condition (3.2) holds with α arbitrarily small. One deduces from (3.2)
that there exists a perturbation g ∈ Un such that gN(y) = gN(x) and moreover
dc
(
x,f−k
(
gk(y)
))
 β.diam
(
ϕ(C)
)
, (3.5)
where β > 0 can be chosen arbitrarily small if Ω is small. Consequently, one can choose η′′ and
β small so that
(
η′′ + β).	 η′. (3.6)
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Lemma 3.4 and our choice of λ, there exists a standard cube λ2.C ⊂ Ω such that
μ
(
ϕ
(
λ2.C
))
< 2μ
(
ϕ(C)
)
. (3.7)
One may assume that ϕ(λ2.C) is contained in an arbitrarily small neighbourhood of p. From (1)
and a compactness argument, this implies the following:
(4) For any g ∈ Un, any 0  i  n, any 0  k  N , any points p ∈ f k(ϕ(λ.C)) and q ∈ K \
f k(ϕ(Ω)) that are εi -close and whose orbit by g remain in U are ρi -twisted for g.
One deduces from (3.7) that there exists a point x ∈ ϕ(C) having a return f m(x) ∈ ϕ(C) such
that all the iterates f k(x) for 0 < k < m are disjoint from ϕ(λ2.C). Consequently, there exists
a perturbation fn ∈ Un of f supported on the f k(ϕ(λ.C)), 0 k < N , such that f Nn (f m(x)) =
f N(x). In particular, the orbit On of f m(x) for fn is m-periodic.
The lemma will be implied by the following.
Claim 3.9. If p,q ∈ O are at distance less than εi for some i  n, then they are ρi -twisted.
This is proved by assuming p = q and by considering several cases.
– When p,q do not belong to the support of the perturbation, they belong to K by construction.
Property (1) implies the claim in this case.
– When p belongs to some f k(ϕ(λ.C)) and q to some f (ϕ(λ.C)), with 0  k,   N , one
has p = f kn (f m(x)) and q = f n (f m(x)). Hence k = . By (3) above, one concludes the
claim in this case.
– When p belongs to some f k(ϕ(λ.C)), 0 k N , and q does not belong to f k(ϕ(Ω)) nor
to any f (ϕ(λ.C)), 0 N , one has q ∈ K . By (4) above, one concludes the claim again.
– When p belongs to some f k(ϕ(λ.C)) and q to f k(ϕ(Ω)), for some 0 k N , one consid-
ers the points f−k(p), f−k(q) ∈ ϕ(Ω). Note that p = f kn (f m(x)). One has q /∈ f k(ϕ(λ.C)),
hence the points x,f−k(q) ∈ ϕ(Ω) belong to K and by (3.4) satisfy dc(x,f−k(q)) 
η′′.d(x, f−k(q)) for the coordinates of the chart expz0 . One has also d
c(x,f−k(p)) =
dc(x,f−k(f kn (f m(x))))  β.diam(ϕ(C)) by (3.5). Note also that since f−k(q) is disjoint
from ϕ(λ2.C) and since f−k(p) and x belong to ϕ(λ.C), one has by (3.3)
sup
(
diam
(
ϕ(C)
)
, d
(
x,f−k(q)
))
	.d
(
f−k(p), f−k(q)
)
.
One thus deduces from (3.7).
dc
(
f−k(p), f−k(q)
)

(
η′′ + β)	.d(f−k(p), f−k(q)) η′.d(f−k(p), f−k(q)).
Now using (2), one gets dc(p, q)  η.d(p, q). By our choice (*) of the exponential chart
expzk (Uzk ), this implies that p and q are ρn-twisted, implying the claim in this case.
The claim and the lemma are now proved. 
One can now conclude the proof of Proposition 3.2.
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and let (On) be a sequence of fn-periodic orbits which converges toward K in Hausdorff topol-
ogy and which has almost twisted returns.
Then, for any neighbourhood U of K and U of f in Diff1, there exists n 1 and a diffeomor-
phism g ∈ U which coincides with fn outside U and on a small neighbourhood of On, such that
On has a strong homoclinic intersection associated to a homoclinic orbit contained in U .
The proof is the same as for [10, Theorem 3.18] or [8, Theorem 9].
4. Partially hyperbolic sets of types (R), (H) or (P)
In this section f is a C1-generic diffeomorphism. Unless mentioned, K is a chain-transitive
set having a partially hyperbolic structure Es ⊕Ec ⊕Eu with a one-dimensional central bundle.
We discuss the existence of a periodic orbit O contained in an arbitrarily small neighbourhood of
K such that either O is contained in the chain-recurrence class of K , or by a C1-perturbation of
the diffeomorphism f , there exists a strong homoclinic intersection associated to the continuation
of O.
4.1. The chain-transitive type (R)
We first complete Remark 2.8.
Proposition 4.1. Let f be any diffeomorphism in a dense Gδ subset R′′R ⊂ Diff1(M) and K
be a chain-transitive set which has a dominated splitting E1 ⊕ Ec ⊕ E3 such that Ec is one-
dimensional. If K has type (R), then dim(Es) and dim(Eu) are non-zero.
Proof. By [5] there exists a dense Gδ subset R′′R ⊂ Diff1(M) of diffeomorphisms whose periodic
orbits are all hyperbolic and dense in the chain-recurrent set.
Let us assume by contradiction that dim(E3) = 0. Consider ε > 0 small and a segment γ
tangent to a central cone, contained in the chain-recurrence class of K and whose iterates are
contained in an arbitrarily small neighbourhood U of K , and have a size smaller than ε. One
deduces that the exponential growth of ‖Df n|Ec(z)‖ when n → +∞ is weak. By domination,‖Df nE1(z)‖ decreases exponentially fast and any point of γ has a uniform strong unstable leaf
tangent to the bundle E3.
Since f belongs to R′′R , there exists a periodic point z close to the middle of γ . One deduces
that the strong stable manifold of some point of γ intersects z. Consequently the orbit O is
contained in U and has the dominated splitting E1 ⊕ Ec. By assumption O is hyperbolic. If O
is a sink, then the chain-recurrence class of K contains a sink. If O is a saddle, the inclination
lemma implies that the accumulation set of the iterates f n(γ ), n  0, contains the unstable
set of O. Since the length of f n(γ ) is bounded by ε, one deduces that the length of the unstable
manifolds of O are bounded by ε. The unstable manifolds of O are thus bounded by a hyperbolic
periodic orbit, which is a sink. This proves that γ meets the basin of a sink. Consequently the
chain-recurrence class of K contains a sink.
In any cases, one deduces that the chain-recurrence class of K is a hyperbolic sink. This
contradicts the fact that K has type (R). 
The results in [10, Section 3.3] give the following.
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a chain-transitive set which has a partially hyperbolic structure Es ⊕ Ec ⊕ Eu such that Ec is
one-dimensional. If K has type (R), then, for any small neighbourhood U of K there exists a
periodic orbit O ⊂ U contained in the chain-recurrence class of K .
More precisely:
– Any periodic orbit O contained in U and having a point close to the middle of a central
segment γ of K belongs to the chain-recurrence class of K .
– For any such periodic orbit O, there exist some diffeomorphisms g that are arbitrarily C1-
close to f and such that the continuation Og of O has a strong homoclinic connection.
Using the same kind of argument as the one used in the proof of Proposition 4.2 one gets:
Proposition 4.3. Let f be any diffeomorphism in a dense Gδ subset R′R ⊂ Diff1(M) and H be
a homoclinic class which has a dominated splitting Es ⊕ Ec ⊕ E3 such that the bundle Ec is
one-dimensional and the bundle Es is uniformly contracted. Let us assume furthermore that H
contains periodic orbits whose Lyapunov exponent along Ec is arbitrarily close to 0. If H has
type (R), then it contains periodic points with index dim(Es).
Proof. By [5] and the Franks lemma (which allows to change the derivative along a periodic
orbit by a C1-perturbation), there exists a dense Gδ subset R′R of Diff1(M) such that any diffeo-
morphism f ∈ R′R has the following properties:
(a) Each homoclinic class of f is a chain-recurrence class.
(b) Any orbits O,O′ in a same chain-recurrence class and with the same index are homoclini-
cally related.
(c) Any set Λ which is the Hausdorff limit of hyperbolic periodic orbits On of index i and
whose i-th Lyapunov exponent is arbitrarily close to zero is also the limit of hyperbolic
periodic orbits O′n of index is i − 1. Moreover if there exists a hyperbolic periodic orbit O
such that Wu(On) intersects transversely Ws(O) for each n 0, then the same property can
be required for the periodic orbits O′n.
Let us fix a hyperbolic periodic orbit O contained in H . By property (a), the homoclinic class
of O coincides with H . By assumption, one can choose O to have a Lyapunov exponent along
Ec close to 0, hence the index of O is dim(Es) or dim(Es)+ 1. In the first case we are done, so
we will assume that the index of O is dim(Es)+ 1.
By properties (a) and (b), there exists a dense set of periodic points Q in H that are homo-
clinically related to O and have an arbitrarily weak central Lyapunov exponents. By property (c),
one can thus conclude that for any point z ∈ H , any neighbourhoods U of z and V of H , there
exists a periodic point Q ∈ U of index dim(Es), whose orbit is contained in V , and such that
Wu(Q)∩Ws(O) = ∅.
Let γ be a central segment and consider z in its interior. Since the backward iterates of γ
remain tangent to a neighbourhood of Ec and have a length bounded, one deduces that the ex-
ponential growth of ‖Df−n|Ec (z)‖ when n → +∞ is weak. By domination, ‖Df−nE3 (z)‖ decreases
exponentially fast and any point of γ has a uniform strong unstable leaf tangent to the bundle E3.
For a periodic point Q as above and close to z, the local stable manifold (tangent to Es ) has
a uniform size. The proof of [10, Proposition 3.7] then shows that Ws(Q) intersects the strong
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Q belongs to the chain-recurrence class of H . By property (a), one deduces that Q belongs to
H , as wanted. 
4.2. The chain-hyperbolic type (H) and the parabolic type (P)
Proposition 4.4. Let f be any diffeomorphism in a dense Gδ subset RH ⊂ Diff1(M) and con-
sider any chain-transitive set K which has a partially hyperbolic structure Es ⊕ Ec ⊕ Eu such
that Ec is one-dimensional. If K has type (H) or if K is not twisted and has type (P), then, for
any small neighbourhood U of K there exists a periodic orbit O ⊂ U contained in the chain-
recurrence class of K .
More precisely, if K has type (H)-attracting, (PSU ) or (PSN ) and if one considers the maximal
invariant set K ′ in a closed neighbourhood of K and a plaque family Dcs tangent to Es ⊕ Ec
over K ′, then for any periodic orbit O0 contained in a small neighbourhood of K , the orbit O
can be chosen in such a way that
– O is contained in the union of the plaques Dcsx with x ∈ O0,
– the index of O is equal to dim(Es)+ 1.
Proof. The diffeomorphisms in the set RH have their periodic orbits hyperbolic and dense in
the chain-recurrent set.
Let us first assume that K has type (H)-attracting. By Proposition 2.7, one can assume that
Eu is not degenerated (otherwise K is reduced to a sink). Let Dcs be a plaque family tangent to
Es ⊕ Ec over a K ′. By Remark 2.3(d), one can reduce the plaques Dcs and the set K ′, so that
the plaques are trapped: for each x ∈ K ′, one has
f
(Dcsx )⊂ Dcsf (x).
In particular, if one considers two points x, y ∈ K that are close enough, then for any point p
such that f−n(p) ∈ Dcs
f−n(y) for each n 0, the strong unstable manifold W
uu
loc(p) meets Dcsx . By
continuity this property is also satisfied if y is replaced by any point p0 ∈ K ′ close enough to y.
Let O0 ⊂ K ′ be a periodic orbit contained in a small neighbourhood of K : there exists p0 ∈
O0 arbitrarily close to y, so that for each periodic point p ∈ Dcsp0 , the strong unstable manifold
Wuuloc(p) meets Dcsx . Conversely, since the plaques Dcs are trapped, the strong unstable manifold
Wuuloc(x) meets Dcsp0 at some point which belongs to the stable manifold of a periodic point p ∈Dcsp0 . This implies that p belongs to the chain-recurrence class of K .
If the index of p is equal to dim(Es), there exists another periodic point p′ ∈ Dcsp0 of index
dim(Es) + 1 and whose stable manifold intersects the unstable manifold of p. Consequently,
p′ also belongs to the chain-recurrence class of K . This proves that the chain-recurrence class
contains periodic orbits O of index dim(Es)+ 1 that are included in arbitrarily small neighbour-
hoods of K . Moreover O can be obtained inside the centre-stable plaques of any periodic orbit
close enough to K .
This proves the proposition in the case K has type (H). In the case K has type (P), the dy-
namics on Ec is orientable. Let us fix a central model (K × [0,+∞), fˆ ) with attracting type
associated to K and an invariant orientation on EcK . By Proposition 2.7, one can assume again
that Eu is not degenerated. Let Dcs be a plaque family tangent to Es ⊕Ec over K and Dc ⊂ Dcs
a plaque family tangent to Ec. For each x ∈ K , the plaque Dcs \ Wss (x) has two components:loc
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one can assume (reducing the plaques) that these half plaques are trapped: for each x ∈ K , one
has
f
(Dcs,+x )⊂ Dcs,+f (x) ∪Wssloc(f (x)).
Moreover, since K is not twisted, there exist two points x, y arbitrarily close such that one can
connect Wssloc(x) to W
uu
loc(y) and W
uu
loc(x) to W
ss
loc(y) by two curves with non-zero length, tangent
to a central cone field and having the same orientation. Up to exchange x and y, this implies that
Wuuloc(y) intersects Dcs,+x . By the trapping property, assuming that x, y have been chosen close
enough, one deduces that for each point z ∈ Dc ∩ Dcs,+z such that f−n(z) ∈ Dcs,+f−n(z) for each
n  0, the strong unstable manifold Wuuloc(z) meets Dcs,+x . By continuity, this property is still
satisfied if y is replaced by any point p0 ∈ K ′ close enough to y. The end of the proof is similar
to the case K has type (H)-attracting by considering the half plaques Dcs,+ instead of the plaques
Dcs : one just has to note that if p0 ∈ K ′ is a periodic point, then any periodic point p ∈ Dcsp0 also
belongs to Dcp0 . 
Remark 4.5. In Proposition 4.4, by choosing carefully the orbit O0, one may replace the partial
hyperbolicity on K by a dominated splitting Es ⊕Ec ⊕E3 such that Es is uniformly contracted,
Ec has dimension 1 and there exists an invariant measure supported on K whose Lyapunov
exponents along E3 are all positive (we will not use this generalisation).
Let us sketch the proof. In the case the type is (P) or (H)-repelling, the bundle E3 is uniformly
expanded, Proposition 4.4 applies. Let us consider the type (H)-attracting. One may assume that
K is the support of an ergodic measure whose Lyapunov exponents along E3 are all positive.
From Mañé’s ergodic closing lemma, K is the Hausdorff limit of periodic orbits On whose
associated periodic measures converges towards μ. In particular, there exists N  1 such that for
each orbit On a uniform proportion of iterates z ∈ On satisfies for any k  0,
k−1∏
i=0
∥∥Df−N|E3 (f−i.N (z))∥∥ 2−k. (4.1)
By passing to the limit, one can thus find two close points x, y ∈ K satisfying (4.1) and a se-
quence of points pn ∈ On satisfying (4.1) and converging to y. The points x, y,pn hence have
uniform unstable manifolds tangent to E3. Now the proof is the same as before.
5. Partially hyperbolic sets of type (N)
In this section f is a C1 generic diffeomorphism and K is a chain-transitive set with a partially
hyperbolic structure Es ⊕Ec ⊕Eu such that the bundle Ec is one-dimensional and has type (N).
Our aim is to prove that if K is strictly contained in its chain-recurrence class, then either f is
C1-approximated by diffeomorphisms having a heterodimensional cycle, or K is included in a
homoclinic class having periodic orbits whose (dim(Es)+1)-th Lyapunov exponent is arbitrarily
close to 0.
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Proposition 5.1. Let f be any diffeomorphism in a dense Gδ subset RN ⊂ Diff1(M) \ Tang and
consider any minimal set K which has a partially hyperbolic structure Es ⊕Ec ⊕Eu such that
Ec is one-dimensional and has type (N). If K is strictly contained in a chain-transitive set A,
then one of the following two situations occurs.
(1) K is contained in a homoclinic class H whose index is equal to dim(Es) or dim(Es) + 1
and which contains weak periodic orbits: for any δ > 0, there exists a sequence of periodic
orbits (On) that are homoclinically related together, that converge for the Hausdorff topol-
ogy toward a compact subset of A, whose indices are equal to dim(Es) or dim(Es)+ 1 and
whose (dim(Es)+ 1)-th Lyapunov exponents belong to (−δ, δ).
(2) For any neighbourhoods U of K and V of A, there exists a C1-perturbation of f which ex-
hibits a heterodimensional cycle contained in V and associated to periodic orbits contained
in U (whose indices are equal to dim(Es) and dim(Es)+ 1 respectively).
The Gδ dense subset RN ⊂ Diff1(M) will be the intersection of:
– the set of the diffeomorphisms whose periodic orbits are all hyperbolic (which is Gδ and
dense by the Kupka–Smale theorem),
– a Gδ and dense set of diffeomorphisms whose minimal sets are limit of hyperbolic periodic
orbits for the Hausdorff topology (provided by Pugh’s closing lemma),
– a Gδ and dense set of diffeomorphisms having the following property (see [5]): any chain-
recurrence class that contains a hyperbolic periodic orbit O coincides with the homoclinic
class H(O); any hyperbolic periodic orbits contained in a same chain-recurrence class and
having the same index are homoclinically related,
– the sets RChain,RExt, RR , RH provided by Lemma 1.12, Propositions 1.10, 4.2 and 4.4,
– two other Gδ dense sets specified during the proof of Lemma 5.10 and Corollary 5.14 stated
below.
Before coming into the details of the proof, let us begin with some preliminary reductions.
• Since f is Kupka–Smale and K has type (N), the set K is not a periodic orbit. Hence, by
Proposition 2.7 the extremal bundles Es , Eu are both non-degenerate.
• We consider small open neighbourhoods U of K . The maximal invariant set in U still has the
partially hyperbolic splitting Es ⊕Ec ⊕Eu. If for such arbitrarily small U there exist some
chain-transitive sets K ′ ⊂ U ∩ A having type (R), (P) or (H), or some chain-transitive non-
minimal sets K ′ having type (N), then the conclusion of the proposition holds immediately:
if K ′ has type (R), (H) or if K ′ has type (P) and is untwisted, then by Propositions 4.2 and 4.4
the chain-recurrence class of K contains periodic orbits that are included in U (hence having
a central exponent along Ec close to 0 if U has been chosen small enough); if K ′ is non-
minimal and has type (N), or if K ′ is twisted and has type (N) or (P), by Corollaries 2.12
and 3.3 one can create in U a heterodimensional cycle by a C1-small perturbation of f .
As a consequence, one can fix a small neighbourhood U of K and make the following
isolation hypothesis:
(I′) Any chain-transitive set K ′ ⊂ U ∩A is minimal, non-twisted and has type (N) only.
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dominated splitting E1 ⊕Ec ⊕E3 that extends the partially hyperbolic structure on K . One
can thus fix some plaque families Dcs,Dc,Dcu tangent to E1 ⊕Ec, Ec and Ec ⊕E3 over A.
One may take the plaques Dcx contained in the intersections Dcsx ∩ Dcux .
Let us consider a small neighbourhood V0 of A. Note that one can choose the plaque families
over a set slightly larger than A where the domination extends; the plaques hence exist at
any point whose orbit stays in a neighbourhood V0 of A. All the neighbourhoods V of A we
will consider will be contained in V0.
5.2. Structure of stable sets
In this section one studies the stable sets of invariant sets K ′ ⊂ U ∩ A. This will allow us to
define four cases to be discussed in the proof.
The first result approximates the stable sets by stable manifolds of periodic orbits.
Lemma 5.2. Let x ∈ A be a point whose ω-limit set ω(x) is contained in U . Then, for any ε > 0,
there exist a periodic orbit O ⊂ U and a point y ∈ Ws(O) whose forward orbit has a closure
{f n(y), n 0} that is ε-close to {f n(x), n 0} for the Hausdorff distance.
Proof. By our assumptions (I′), the chain-transitive set K ′ = ω(x) has type (N). One considers
the maximal invariant set K̂ ′ in a small neighbourhood U0 of K ′ and one fixes a plaque family
D˜cs that is tangent to Es ⊕ Ec over K̂ ′ and whose plaques have a diameter r smaller than ε/2.
Since K ′ has type (N), by Remark 2.3(d) one can assume the following trapping property: for
each x ∈ K̂ ′, the closure of f (D˜csx ) is contained in D˜csf (x). One will apply the weak shadowing
lemma (Lemma 2.9) to r and to the neighbourhood U0 of K ′: it allows to cs-shadows pseudo-
orbits in a smaller neighbourhood U1 ⊂ U0 of K ′. One also considers n0  0 such that f n(x)
belongs to U1 for any n n0.
Let δ0 > 0 be smaller than ε/2‖Df−k‖ for each 0 < k  n0 and let ε0 > 0 be the constant
associated to δ0 by Lemma 2.9. One can build a ε0-pseudo-orbit {zn}nn0 in U1 by first following
the forward orbit {f n(x)}nn0 of x and then a periodic ε0-pseudo-orbit in ω(x) that is ε2 -dense in
ω(x). One thus gets an orbit {f n(y′)}nn0 in K̂ ′ that (r, δ0)-cs-shadows {zn}nn0 : in particular
the point f n0(x) is δ0-close to a point f n0(y) ∈ D˜csf n0 (y′). By the trapping property the point
f n(y) still belongs to D˜cs
f n(y′) for n n0.
By our choice of δ0, the points f n(x) and f n(y) are ε/2-close also for any 0  n  n0. By
having chosen δ0 small enough, one can assume that the forward iterates of y and x remain arbi-
trarily close during an arbitrarily long time n1. This proves that {f n(x), n 0} is contained in the
ε-neighbourhood of {f n(y), n 0}. After time n1, the plaque D˜csf n(y′) contains both f n(y) and a
point which is δ0-close to K ′. One deduces that f n(y) belongs to the (δ0 + ε/2)-neighbourhood
of K ′ = ω(x). Hence the sets {f n(x), n 0} and {f n(y), n 0} are ε-close for the Hausdorff
distance.
For n2 large the sequence (zn)nn2 is periodic and (r, δ0)-cs-shadowed by (f n(y))nn2 .
Hence by the weak shadowing lemma there exists a periodic point p such that f n(y) belongs to
D˜csf n(p) for each n n2. By the trapping property the point f n(y) belongs to the stable set of a
periodic point q ∈ D˜csf n(p). This concludes the proof. 
This lemma justifies the following definitions.
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– We say that x is approximated by strong stable manifolds if for any ε > 0, there exist
a periodic orbit O ⊂ U and a point y ∈ Wss(O) such that {f n(y), n 0} is ε-close to
{f n(x), n 0} for the Hausdorff distance.
– We say that x is approximated by large stable manifolds if for any η > 0, there exists ρ > 0
and for any ε > 0 there exists a periodic orbit O ⊂ U and a point y ∈ Ws(O) such that
{f n(y), n 0} is ε-close to {f n(x), n 0} for the Hausdorff distance, and there exists a
(dim(Es) + 1)-dimensional disc of radius ρ centred at y which belongs to the stable set of
O and whose forward iterates have a diameter smaller than η.
Lemma 5.4. Any point x ∈ A such that ω(x) ⊂ U is either approximated by strong stable mani-
folds or by large stable manifolds.
Proof. By Lemma 5.2, there exists some points y ∈ M such that {f n(y), n 0} is arbitrarily
close to {f n(x), n 0} for the Hausdorff distance and y belongs to the stable set of a periodic
orbit O. We fix some η > 0.
The set ω(x) has type (N), hence by the trapping property there exists ρ0 > 0 such that all the
forward iterates of the ρ0-neighbourhood of x in Dcsx have a diameter smaller than η/2.
By continuity and trapping, the same property holds for any point y ∈ Ws(O) such that
{f n(y), n 0} is close to {f n(x), n 0} for the Hausdorff distance: the plaque family Dcs is
defined above the periodic orbit O and for each n 0 there exists a (dim(Es)+ 1)-dimensional
disc Dn centred at f n(y) whose large iterates f m(Dn) all belong to the centre-stable plaque of
O and have a diameter bounded by η. For n larger than some n0, the disc Dn can be chosen
with a uniform radius δ. One then choose ρ such that the image of any disc of radius ρ by f n0
has diameter bounded by δ: the preimage f−n0(Dn0) contains a disc Dy centred at y of uniform
radius ρ and whose forward iterates have a diameter smaller than max{ε/2, η}. Note that any
point in a disc Dy accumulates by forward iterations inside the union of the plaques Dc over O;
hence any point in Dy belong to the stable manifold of a periodic orbit.
Two cases are now possible.
– For each point y the disc Dy at y is contained in the stable set of O. By definition x is then
approximated by large stable manifolds.
– For some point y there exist in Dy two points that belong to the stable set of distinct periodic
orbits. The complement of the strong stable sets of the periodic orbits is open in Dy and not
connected, hence Dy contains a point y′ which belongs to the strong stable set of a periodic
orbit O′. By construction {f n(y′), n 0} is ε/2-close to {f n(y), n 0} hence ε-close to
{f n(x), n 0}.
The result follows. 
We now describe the geometry of the stable set of points x ∈ A such that {f n(x), n 0} ⊂ U
inside the plaque Dcsx . Since K has type (N), Remark 2.3(d) applies. Hence, if the plaques of Dcs
and the neighbourhood U have been chosen small enough, the forward iterates of the plaque Dcsx
have a small diameter; consequently the plaques Dcsx are foliated by strong stable leaves Wssloc(z)
(tangent to the bundle Ess ). By reducing the plaques of Dcs if necessary one also deduces that
Dc parametrises the strong stable leaves of Dcs .x x
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Wsloc(x) =
{
ζ, f n(ζ ) ∈ Dcsf n(x) for every n 0 and d
(
f n(x), f n(z)
) −→
n→+∞ 0
}
.
Its trace on the central plaque will be denoted by
I sx = Wsloc(x)∩ Dcx .
By the previous discussion, I sx is a subinterval in Dcx containing x such that
Wsloc(x) =
⋃
ζ∈I sx
Wssloc(ζ ).
Hence I sx is reduced to {x} if the stable set of x is trivial in the central direction.
Note that by reducing U , the trapping properties along the plaques Dc implies that the length
of I sx can be assumed to be bounded by a small constant. In particular I sx and Dcx do not coincide
and one has
f
(
I sx
)= I sf (x). (5.1)
One may consider the two endpoints of I sx (i.e. the points in I sx ∩ Dsx \ I sx ). The following result
shows that if x is an endpoint of I sx then it is approximated by strong stable manifolds.
Lemma 5.6. Let x ∈ A be a point such that {f n(x), n 0} ⊂ U and assume that x is an endpoint
of the curve I sx . Then for any ε > 0, there exists a neighbourhood U ′ of ω(x) with the following
property. For any periodic orbit O contained in U ′, there exists a point y ∈ Wss(O) whose
forward orbit has a closure {f n(y), n 0} that is ε-close to {f n(x′), n 0} for the Hausdorff
distance.
Proof. One first parametrises the plaque Dcx centred at x and identifies it to the interval [−1,1]x
centred at 0. Since x is an endpoint of I sx one can assume that I sx is disjoint from (0,1]x .
Let us choose η > 0 small. We claim that there exists δ > 0 such that all the forward iterates
of [0, η]x have a length larger than δ > 0. Indeed, for a central model of ω(x), consider some
neighbourhood B of the section 0 that is attracting for fˆ−1: by continuity, one may extend B so
that for any point z whose forward orbit remains close to ω(x) one still has f (B ∩ Dcz) ⊃ B ∩
Dcf (z). For n0 large enough, the forward orbit of f n(x), n n0, stays in a small neighbourhood
of ω(x). Hence two cases appear.
– There exists n n0 such that f n([0, η]x) ⊂ Dcf n(x) meets the complement of B . In this case,
all the larger iterates are also trapped by B and the lengths f n([0, η]x) are bounded from
below by the width of B , as claimed.
– The length of f n([0, η]x) for n large is smaller that the width of B . This case cannot occur
for any B inside a decreasing sequence of trapping neighbourhoods, since this would imply
that |f n([0, η]x)| → 0 as n → +∞ and contradict the fact that (0, η]x is disjoint from I sx .
We thus obtain the claim.
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contains an interval Jz ⊂ Dcz of length larger than δ and that contains z. Since ω(x) is a non-
twisted minimal set (by assumption (I′)), there exists z = z′ in ω(x) such that Wssloc(z′) intersects⋃
ζ∈Jz W
uu
loc(ζ ). Let O be a periodic orbit close to ω(x): it contains a point p arbitrarily close
to z′. There exists an iterate f n(x) close to z, so that Wssloc(p) meets
⋃
ζ∈f n([0,η]x) W
uu
loc(ζ ) at
some point f n(y).
By construction the iterates (y, . . . , f n(y)) belong to the plaques Dcu along the iterates
(x, . . . , f n(x)) and the iterates f k(y) for k  n belong to the local strong stable manifold of
O. Since the plaques and the local invariant manifolds may be assumed to have an arbitrar-
ily small diameter, this implies that the set {f n(y), n 0} can be chosen arbitrarily close to
{f n(x), n 0} for the Hausdorff distance. 
One considers similarly the y ∈ A such that {f−n(y), n 0} ⊂ U : they are approximated by
strong unstable manifolds or by large unstable manifolds. One defines the set Iuy ⊂ Dcx .
Discussion. In the following we continue the proof of Proposition 5.1. By Lemmas 5.4 and 5.6,
the following cases should be considered.
1. There are no x, y ∈ A satisfying x /∈ ω(x), y /∈ α(y) and ω(x) = α(y) ⊂ U .
2. There exist x, y ∈ A satisfying x /∈ ω(x), y /∈ α(y) and ω(x) = α(y) ⊂ U . Taking iterates,
one can assume that {f n(x), n 0} and {f−n(y), n 0} are contained in U . We introduce
three subcases.
(a) x is approximated by strong stable manifolds and y is an endpoint of Iuy .
(Or x is an endpoint of I sx and y is approximated by strong stable manifolds.)
(b) x is approximated by large stable manifolds and y is an endpoint of Iuy .
(Or x is an endpoint of I sx and y is approximated by large stable manifolds.)
(c) x is not an endpoint of I sx and y is not an endpoint of Iuy .
5.3. Trapped central behaviour
Let us conclude the proof of Proposition 5.1 in the cases 1 and 2(a). One will show that the
dynamics along the centre plaques has bounded deviations, so that one can hope to recover the
argument of Corollary 2.12 and create a heterodimensional cycle.
We first deal with case 1.
Lemma 5.7. Let us suppose that there is no points x, y ∈ A satisfying x /∈ ω(x), y /∈ α(y) and
ω(x) = α(y) ⊂ U . Then, one can create in each neighbourhood V of A a heterodimensional
cycle associated to a periodic orbit contained in U by a C1-small perturbation of f .
Proof. We first prove that U ∩A contains non-recurrent dynamics.
Claim 5.8. Let K ′ ⊂ A∩U be a minimal compact set and U ′ ⊂ U a neighbourhood of K ′. There
exists a point z such that
– {f n(z), n ∈ Z} ⊂ U ′ ∩A and z /∈ α(z)∪ω(z);
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any periodic orbit O ⊂ Uω , there exists a point y ∈ Uα ∩ Wss(O) whose forward orbit is
contained in U ′.
Proof. Let us apply Lemma 1.11 to the set K ′: there exists a point x+ /∈ K ′ and an invariant
compact set 	+ ⊂ U ′ ∩A containing K ′ ∪ω(x+). If 	+ contains a point z such that z /∈ α(z)∪
ω(z) we are done, otherwise the set 	+ is chain-transitive. In this second case by the assumption
(I′) one has K ′ = ω(x+) = 	+. Similarly there exists a point x− /∈ K ′ and an invariant compact
set 	− ⊂ U ′ ∩ A containing K ′ ∪ α(x−). Either it contains a point z such that z /∈ α(z) ∪ ω(z)
or K ′ = α(x−) = 	−. But by assumption ω(x+) and α(x−) cannot both coincide with K ′. This
gives the first item of the claim.
We then prove that the length of f−n(I sz ) goes to zero as n → +∞. By (5.1), one has
f−n
(
I sz
)= I s
f−n(z).
If one assumes that the length of f−n(I sz ) does not decrease to zero, one finds an accumulation
point x ∈ α(z) and an interval γ ⊂ Dcx such that f n(γ ) ⊂ Dcf n(x) for each n  0 and γ is con-
tained in the chain-stable set of the chain-recurrence class containing K . Since α(z) has type
(N) by assumption (I′), α(z) is a minimal set whose central dynamics is trapped, so at any point
x ∈ α(z) such a segment γ exists and has a uniform size. This implies that α(z) has type (PSN ),
contradicting our assumption (I′).
We end with the proof of the second item. Let us fix a neighbourhood Uα of α(z). Since the
length of f−n(I sz ) goes to zero, there exists an iterate f−n(z) such that I sf−n(z) is contained in Uα .
Lemma 5.6 then gives a neighbourhood Uω of ω(z) such that for any periodic orbit O ⊂ Uω there
is a point y ∈ Uα ∩ Wss(O) whose forward orbit is contained in a small neighbourhood of the
segments f k−n(I sz ), k  0.
The second item now follows if one proves that all the segments f k(I sz ), k  0 are contained
in U ′: this will be ensured by choosing the point z carefully. Note first that the construction of z
can be performed in any small neighbourhood of K ′: one gets a sequence (zk) such that the sets
{f n(zk), n ∈ Z} converge to K ′ for the Hausdorff topology. Let us assume that the supremum
of the lengths f n(I szk ) for n ∈ Z does not goes to zero when k goes to infinity: a sequence of
arcs f n(I szk ) converges toward a non-trivial segment γ contained in a central plaque Dcx for some
x ∈ K ′ and contained in chain-transitive set contained in U . Hence K ′ has type (R), contradicting
the assumption (I′). One thus get the required property by choosing z = zk for k large. 
One can now conclude the proof of the lemma. Claim 5.8 applied to (K,U) provides us with a
point z. One chooses ζ+ ∈ α(z). Let us consider any neighbourhood U of f in Diff1(M). By the
connecting lemma (recalled in Section 1.4), one obtains an integer N  1 and arbitrarily small
neighbourhoods W+ ⊂ Ŵ+ of ζ+. One can require that the N first iterates of Ŵ+ are disjoint and
have closures disjoint from ω(z). Since α(z) is minimal one can find a neighbourhood Uα such
that any orbit that has a point in Uα meets Ŵ+. One then applies the second item of Claim 5.8
and introduces a neighbourhood Uω or ω(z): for any periodic orbit O contained in Uω the strong
stable set Wss(O) meets Ŵ+.
Let us now apply Claim 5.8 to (ω(z),Uω). One obtains a point z′ such that {f n(z′), n ∈ Z} is
contained in Uω and z′ /∈ α(z′)∪ω(z′). One then chooses two small neighbourhoods W− ⊂ Ŵ−
of a point ζ− ∈ ω(z′) and whose N first backward iterates are disjoint and have closures disjoint
from α(z′) and are contained in Uω. In particular, the iterates of f i(Ŵ+) and f−j (Ŵ−) for
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and our choice of RN , there exists a periodic orbit O close to the minimal set α(z′) for the
Hausdorff topology; its strong stable set meets Ŵ+ at a point x+ and its strong unstable set
meets Ŵ− at a point x−. The forward orbit of x+ is contained in U and the backward orbit of
x− is contained in Uω . In particular the iterates f i(Ŵ+), for 0  i  N are disjoint from the
backward orbit of x−.
Since f belongs to RN ⊂ RChain, Lemma 1.12 is satisfied and there exists a segment of orbit
(x0, . . . , f (x0)) contained in V such that x0 belongs to W− and f (x0) to W+. Arguing as in
the proof of Proposition 1.10, one can then connects the backward orbit {f−i (x−), i m−} to
the forward orbit {f i(x+), i m+}, for m−, m+ large, using the finite orbit (x0, . . . , f (x0)) by
a perturbation g0 ∈ U supported in the iterates f k(Ŵ+) and f−k(Ŵ−) for 0 k N . Hence the
periodic orbit O has a strong homoclinic intersection. Since O is contained in an arbitrarily small
neighbourhood of the set α(z′) of type (N), its centre Lyapunov exponent is arbitrarily close to
zero and by Proposition 0.3, one can by C1-small perturbation g of g0 create a heterodimensional
cycle associated to periodic orbits contained in U . By construction the cycle is contained in the
union of the support of the perturbation with a neighbourhood of the backward orbit of x−,
the forward orbit of x+ and the segment of orbit (x0, . . . , f (x0)). In particular, it is contained
in V . 
The case 2(a) is even simpler.
Lemma 5.9. Let K ′ ⊂ U ∩A be an invariant compact set and let x, y ∈ A \K ′ such that ω(x) =
α(y) = K ′ and {f−n(y), n 0} ⊂ U .
If x is approximated by strong stable manifolds and y is an endpoint of Iuy , then by a C1-
small perturbation of f one can create in each neighbourhood V of A a heterodimensional
cycle associated to a periodic orbit contained in U .
Proof. Let U be a C1-neighbourhood of f . The connecting lemma (recalled in Section 1.4)
associates an integer N  1 and some arbitrarily small neighbourhoods W+ ⊂ Ŵ+ of x and
W− ⊂ Ŵ− of y. One may assume that the iterates f i(Ŵ+) and f−j (Ŵ−) for 0 i, j N are
pairwise disjoint and have closures disjoint from K ′. Moreover the iterates f i(Ŵ+) for 0 i 
N are disjoint from the backward orbit of y. Since f belongs to RN ⊂ RChain, Lemma 1.12 is
satisfied and there exists a segment of orbit (x0, . . . , f (x0)) contained in V such that x0 belongs
to W− and f (x0) to W+.
Since x is approximated by strong stable manifolds, there exists a periodic orbit O arbitrarily
close to K ′ for the Hausdorff topology whose strong stable manifold meets Ŵ+ at some point
x+. Since y is an endpoint of Iuy and by Lemma 5.6, the strong unstable manifold of O meets
W− at a point x−, provided O has been chosen close enough to K ′. The sets {f−k(x−), k  0}
and {f−k(y), k  0} are close for the Hausdorff topology. One thus deduces that the iterates
f i(Ŵ+) for 0 i N are disjoint from the backward orbit of x−.
Arguing as in the proofs of Proposition 1.10 and Lemma 5.7, one concludes that there exists
a perturbation g ∈ U of f with support in the union of the f i(Ŵ+) ∪ f−i (Ŵ−), for 0 i  N
such that O has a strong homoclinic intersection. Since O is close to K , its central exponent is
close to zero and from Proposition 0.3 one can obtain a heterodimensional cycle by another C1-
perturbation, associated to periodic orbits close to K ′ (hence contained in U ). By construction
the cycle is contained in V as required. 
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In case 2(b), the dynamics can be approximated by periodic orbits having an iterate whose
local central manifold has a uniform size. Hence, one can hope to argue as in the chain-hyperbolic
case and prove that the chain-recurrence class of K contains hyperbolic periodic orbits whose
central exponent is weak.
Lemma 5.10. Let K ′ ⊂ U ∩ A be an invariant compact set and let x, y ∈ A \ K ′ such that
ω(x) = α(y) = K ′ and {f−n(y), n 0} ⊂ U .
If x is approximated by large stable manifolds and y is an endpoint of Iuy , then for any
δ, η > 0, there exists ρ > 0 and a sequence of hyperbolic periodic orbits (On) with the following
properties.
1. The sequence (On) converges for the Hausdorff topology toward a compact set Λ ⊂ A.
2. The (dim(Es)+ 1)-th Lyapunov exponent of each orbit On belongs to (−δ,0). In particular
the index of On is dim(Es)+ 1.
3. In each orbit On there exists a point p whose stable manifold contains an immersed ball Bp
centred at p of radius ρ and whose forward iterates have radius bounded by η.
Proof. Let S = {1/n, n > 0} and let (Vn)n0 be a countable family of open sets such that for
any compact set A′ and any neighbourhood V ′ of A′, there exists Vn in the family satisfying
A′ ⊂ Vn ⊂ V ′. For δ, η,ρ ∈ S , let us denote by U(Vn, δ, η,ρ) the set of diffeomorphisms which
possess a hyperbolic periodic orbit contained in Vn satisfying the items 2 and 3 above. This set is
open. Let R2.b be the intersection of the U(Vn, δ, η,ρ)∪ (Diff1(M) \ U(Vn, δ, η,ρ)) over the 4-
uples (Vn, δ, η,ρ). This is a Gδ dense subset of Diff1(M). Since f is C1 generic one can assume
that it belongs to R2.b .
In the following, one fixes δ, η ∈ S and one associates ρ ∈ S which satisfies Definition 5.3
of approximation by large stable manifold for x and η. The following claim gives for each Vn a
periodic orbit On ⊂ Vn that satisfies the items 2 and 3; in particular it implies the lemma.
Claim 5.11. For each Vn containing A, the diffeomorphism f belongs to U(Vn, δ, η,ρ).
Definition 5.3 provides us with a sequence (O˜k) of periodic orbit that converges towards K ′
and a sequence of points xk in the stables sets Ws(O˜k) that converges toward x such that the ball
Dk centred at xk and of radius ρ is contained in the stable manifold of O˜k and its forward iterates
have a radius bounded by η.
We note that the diameter of the disks (f n(Dk))n0 decreases uniformly to zero as n → ∞.
Indeed if this were not satisfied, a subsequence of disks (f n(Dk)) would converge toward a
non-trivial segment γ contained in the central plaque of a point of K ′; since γ is contained in the
chain-stable set of K ′, this would contradict the fact that K ′ has type (N) only by assumption (I′).
This gives the property.
We continue with the proof of the claim. In order to prove that f belongs to U(Vn, δ, η,ρ) it
is enough to show that f ∈ R2.b is limit of diffeomorphisms in U(Vn, δ, η,ρ). We thus consider
a neighbourhood U of f in Diff1(M) and we have to show that U ∩ U(Vn, δ, η,ρ) is non-empty.
One associates to (f,U) by the connecting lemma an integer N  1 and some small neigh-
bourhoods W+ ⊂ Ŵ+ and W− ⊂ Ŵ− of f−N(x) and y respectively such that the iterates
f i(Ŵ+) and f−j (Ŵ−) for 0  i, j  N are pairwise disjoint and have closures that are dis-
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iterates f n(Dk) considered above have a diameter that decrease uniformly to zero as n goes to
+∞ and accumulate on the set K ′. Hence, if Ŵ+ has a small diameter, it is disjoint from all the
f n(Dk), n, k  0, provided k is large enough.
Since f belongs to RN ⊂ RChain, Lemma 1.12 is satisfied and there exists a segment of
orbit (x0, . . . , f (x0)) contained in Vn such that x0 belongs to W− and f (x0) to W+. Since x is
approximated by large stable manifolds and y is an endpoint of Iuy , there exists (among the family
(O˜k)) a periodic orbit O˜ of index dim(E1) + 1 close to K ′ and two points x+ ∈ Ws(O˜) ∩ W+
and x− ∈ Wuu(O˜)∩W− such that
– {f n(x+), n 0} is close to {f n(x), n 0} and {f−n(x−), n 0} is close to
{f−n(y), n 0} for the Hausdorff distance;
– the stable manifold of O˜ contains a ball of radius ρ centred at x+ whose forward iterates
have a diameter less than η.
Arguing as in the proofs of Proposition 1.10 and Lemma 5.7, one concludes that there exists a
perturbation g ∈ U of f with support in the union of the f i(Ŵ+)∪f−i (Ŵ−), for 0 i N such
that O˜ has a homoclinic intersection at x. Moreover the neighbourhood Ŵ+ has been chosen
small enough to be disjoint from the forward iterates of the disk centred at x+ of radius ρ in
Ws(O˜). In particular the stable manifold of O˜ for g still contains a disk Bx+ of radius ρ centred
at x+ and whose forward iterates have a diameter smaller than η.
By arbitrarily small perturbation, one can assume that the homoclinic intersection at x+ is
transversal. As a consequence, there exists a transitive hyperbolic set containing O˜ and the orbit
of x+. One deduces that there exists a periodic orbit On whose central Lyapunov exponent is
close to the exponent of O˜, and a point p ∈ On whose local stable manifold is close to the stable
set of x+: in particular, it contains a ball Bp of radius ρ. By hyperbolicity, there exists n0 such
that the radius of gn(Bp) is smaller than η for any n  n0. On the other hand, if p has been
chosen close enough to x+, the diameter of gn(Bp) for 0  n  n0 is close to the diameter of
Bx+ , hence have a radius smaller than η. Consequently all the forward iterates of Bp have a
diameter smaller than η, as required.
Since O˜ is close to K , its central exponent is close to zero and belongs to (−δ,0). This ends
the proof of the claim and of the lemma. 
The following result asserts that the periodic orbits provided by Lemma 5.10 are homoclini-
cally related together. This concludes the proof of Proposition 5.1 in the case 2(b).
Lemma 5.12. Let us fix η and δ small. Let (On) be a sequence of hyperbolic periodic orbits
satisfying properties 1, 2 and 3 of Lemma 5.10. Then an extracted subsequence from the orbits
On are homoclinically related together.
Proof. Let us define λ 1 as the supremum of supz,z′∈Dcx
‖Df−1|Ec (z)‖
‖Df−1|Ec (z′)‖
over the x ∈ A. By choos-
ing the plaques Dc small enough one can ensure that λ  eδ . If the constant η that appears in
Lemma 5.10 is small enough, one can assume that η and η‖Df ‖ are smaller than the infimum of
the radii of the plaques Dc .
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lemma there exists q ∈ On such that for each k  0 one has∥∥Df−k|Ec (q)∥∥ ekδ. (5.2)
For each point z ∈ On let us define Γz ⊂ Dcz as the maximal interval containing z such that
f k(Γz) ⊂ Dcf k(z) for each k  0 and Γz is contained in the stable set of On. By property 3 of
Lemma 5.10 and our choice of η, there exists p ∈ On such that:
(*) Γp contains the ρ-neighbourhood of p in Dcz .
Let us write p = f (q) where  0 is strictly smaller than the period of On. One can choose p
so that it is the only iterate f k(q) with 0 k   which satisfies property (*). We claim that for
each k  0 one has ∥∥Df−k|Ec (p)∥∥ ekδ. (5.3)
By our choice of p, for any iterate f−k(p) with 0 < k   one of the branches J of Γf−k(p) \
{f−k(p)} has size smaller than ρ. Since ρ‖Df ‖ is smaller than the radius of the plaque Dc,
this implies that f (J ) is contained in Dc
f−k+1(p), hence coincides with one branch of Γf−k+1(p) \
{f−k+1(p)}. One can thus define a sequence j0 = 0 < j1 < · · · < js =  having the following
property:
For each 0 i < s there is a branch Ji of Γf−ji (p) \ {f−ji (p)} of size larger than ρ and such
that all the iterates f−k(Ji) with 1 k  ji+1 − ji have a length smaller than ρ.
In particular this implies that ‖Df−k|Ec (f−ji (p))‖ with 1  k  ji+1 − ji is bounded by λk . By
combining the estimates over the different ji , one thus gets for each 0 k  ,∥∥Df−k|Ec (p)∥∥ λk.
With our choice of λ eδ and (5.2) one deduces (5.3) as claimed.
By the domination Ec ⊕ E3, this implies that there exists ν  1 (which does not depend on
On) such that
k−1∏
i=0
∥∥Df−ν|E3 (f−νi(q))∥∥ e−kα,
where α is uniform and positive if δ has been chosen close enough to 0. In particular one deduces
that the local unstable manifold at p has a uniform size.
We claim that the local stable manifold at p also has a uniform size: by property (*) the set
Γp contains the ρ-neighbourhood of p in Dcp , so the stable manifold at p has a uniform size
along Dcp . Now since f k(Γp) belongs to Dcf k(p) for each k  0, one has at any point z ∈ Γp∥∥Df k (z)∥∥ Cλk,|Γp
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where α is positive and uniform. As a consequence a uniform tubular neighbourhood of Γp in
Dcsp is contracted by forward iterations and contained in the stable set of p. This proves the claim.
We have shown that each periodic orbit On contains one point pn whose local stable and
unstable manifolds have uniform sizes. By considering an extracted subsequence of (On) one
may assume that all the points pn are close together. This implies that all the orbits On are
homoclinically related together. 
5.5. Large stable and unstable sets
In case 2(c), one can create by perturbation some central segments that are homoclinic to
a minimal set K ′ ⊂ U ∩ A. Taking their limit, one gets a central segment for the set A and the
diffeomorphism f . One can hope to argue as for Proposition 4.2. The difficulty is that the bundles
E1 and E3 on A are not uniform.
Lemma 5.13. Let K ′ ⊂ U ∩ A be an invariant compact set and let x, y ∈ A \ K ′ such that
ω(x) = α(y) = K ′ and {f n(x), n 0} ∪ {f−n(y), n 0} ⊂ U . If x is not an endpoint of I sx
and y is not an endpoint of Iuy , then there exists ρ > 0 such that the following property holds.
For each neighbourhoods U of f and V of A, there exists g ∈ U , z ∈ M \ K ′ and a central
arc γ containing z such that the following properties hold.
– f and g coincide in a neighbourhood of K ′; the backward and the forward orbits of z by g
accumulate on K ′ and are contained in V ;
– γ has length ρ; the length the iterates gk(γ ) is bounded by ρ and goes to zero as k → ±∞.
Proof. By assumption there exists ρ > 0 such that the ball Bcsx centred at x of radius ρ in Dcsx is
contained in the stable set of x and the ball Bcuy centred at y of radius ρ in Dcuy is contained in
the unstable set of y. Note also that since x is not in the basin of a periodic orbit, the backward
orbit of x is disjoint from the forward orbit of Bcsx and the forward orbit of y is disjoint from the
backward orbit of Bcuy .
The connecting lemma associates at (f,U) some neighbourhoods W+ ⊂ Ŵ+ and W− ⊂ Ŵ−
of x and y respectively and an integer N . If the neighbourhoods are small enough the iterates
f−i (Ŵ+) and f j (Ŵ−) for 0 i, j N are contained in V , are pairwise disjoint, disjoint from
the iterates f k(Bcsx ) and f−k(Bcuy ) for k > 0 and disjoint from K ′.
Since f belongs to RN ⊂ RChain, Lemma 1.12 applies and there exists a segment of orbit
(x0, . . . , f (x0)) contained in V such that x0 belongs to W− and f (x0) to W+. As in the
proof of Proposition 1.10, there exists a perturbation g ∈ U of f with support in the iterates
f−i (Ŵ+) and f j (Ŵ−) for 0  i, j  N such that the points x and y belong to a same orbit
which accumulates on K ′ in the future and in the past. Note that the forward orbit of x and the
backward orbit of y have not been perturbed.
Let us recall that V0 is a fixed neighbourhood of A. Let us write x = gr(y) and define
Bcux = gr
(
Bcuy
)∩ r⋂gr(V0).
i=0
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unstable cone. The intersection Bcsx ∩Bcux is a curve and the length of its forward and backward
iterates goes to zero. Let γx be the largest curve bounded by x in Bcsx ∩Bcux whose iterates are all
of length smaller than ρ. By construction it is non-trivial and all the iterates of γx are tangent to
a centre-cone. By maximality, one of them γ = gn(γx) has length ρ. We denote z = gn(x). 
We now conclude the proof of Proposition 5.1.
Corollary 5.14. Let V be a neighbourhood of A, K ′ ⊂ U ∩ A be an invariant compact set and
let x, y ∈ A \K ′ such that ω(x) = α(y) = K ′ and {f n(x), n 0} ∪ {f−n(y), n 0} ⊂ U .
If x is not an endpoint of I sx and y is not an endpoint of Iuy , then there exists a se-
quence of hyperbolic periodic orbits (On) contained in V that are homoclinically related to-
gether, which converges toward a compact subset of A, whose indices are dim(Es), and whose
(dim(Es)+ 1)-th Lyapunov exponent goes to zero as n → ∞.
Proof. Let S = {1/n, n  0} and let V be a countable basis of open sets of M . For δ ∈ S and
V,W ∈ V , let us denote by U(V ,W, δ) the set of diffeomorphisms which possess a hyperbolic
periodic orbit O contained in V of index dim(Es), whose dim(Es) + 1-th exponent belongs to
(0, δ) and such that for some point p ∈ O ∩W one has
∀k > 0, ∥∥Df k|Ec(p)∥∥< ekδ, and ∥∥Df−k|Ec (p)∥∥< ekδ. (5.4)
This set is open. Let R2.c be the intersection of the U(V ,W, δ) ∪ (Diff1(M) \ U(V ,W, δ)) over
the 3-uples (V ,W, δ). This is a Gδ and dense subset of Diff1(M). Since f is C1 generic one can
assume that it belongs to R2.c .
Let us fix δ ∈ S small and let V be a small neighbourhood of A. By applying Lemma 5.13,
one gets a sequence of diffeomorphisms gn that converges to f and a sequence of arcs γn. Note
that the constant ρ provided by the lemma can be reduced so that the ρ-neighbourhood of K ′ is
contained in V and for any segment γ ′ tangent to a central cone and of length less than ρ, one
has for any x, y ∈ γ ′, and any g in a neighbourhood of f ,
∥∥Dg|Ec(x)∥∥ eδ/2∥∥Dg|Ec(y)∥∥.
Consequently, for each diffeomorphism gn and each arc γn provided by Lemma 5.13, one has at
any z ∈ γn,
∀k  0, ∥∥Dgkn|Ec(z)∥∥ ekδ/2, and ∥∥Dg−kn |Ec(z)∥∥ ekδ/2. (5.5)
A subsequence of the arcs γn converges toward an arc γ which is a central segment of A for f :
in particular it is contained in the chain-recurrence class of K ′ and property (5.5) is still satisfied.
One can choose W as a small neighbourhood of the centre point of γ .
Claim 5.15. The diffeomorphism f belongs to U(V ,W, δ).
Proof. Since f belongs to R2.c , it is enough to approximate f by diffeomorphisms in
U(V ,W, δ).
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a point p in W ∩ γn. The orbit of p under gn accumulates in the future and in the past on the
minimal set K ′. Hence, it is possible by the connecting lemma to close its orbit: for a small
perturbation h0 of gn, the orbit O of p is periodic, its shadows the orbit of p for gn during a
large time interval [−, ] and spends the remaining iterates in a small neighbourhood of K ′. As
a consequence, O is contained in V . If the orbit of O is long enough, the Lyapunov exponent of
O along Ec is arbitrarily close to zero. Hence for a small perturbation h of h0 in a neighbourhood
of K ′, the Lyapunov exponent of O along Ec belongs to (0, δ). From (5.5) and the fact that the
Lyapunov exponents along Ec on K ′ are all zero, the point p satisfies
∀k > 0, ∥∥Dhk0|Ec(p)∥∥< ekδ, and ∥∥Dh−k0 |Ec(p)∥∥< ekδ.
This proves that the diffeomorphism h belongs to U(V ,W, δ) and is close to f , implying the
claim. 
Let O be the periodic orbit provided by the claim. If δ has been chosen small enough, the
dominated splitting E1 ⊕Ec ⊕ E3 that holds on a neighbourhood of A and (5.4) ensure that for
some uniform constants C > 0 and λ ∈ (0,1) one has
∀k  0, ∥∥Df k|E1(p)∥∥ Cλk and ∥∥Df−k|E3 (p)∥∥ Cλk.
In particular, the point p has large strong stable and strong unstable manifolds. Similarly any
point of γ has large strong stable and strong unstable manifolds. Since p is close to the centre
of γ , we are in the same situation as in Proposition 4.2 (we have replaced the uniformity on the
bundles Es and Eu by a control at p and at the points of γ ). By the same proof (see [10]), one
deduces that the strong unstable manifold of some point of γ intersects the strong stable manifold
of p and the strong stable manifold of some point of γ intersects the strong unstable manifold
of p. Hence the chain-recurrence class of O, γ and K ′ coincide.
We have found in V a periodic orbit O whose (dim(Es)+ 1)-th Lyapunov exponent belongs
to (0, δ) and whose chain-recurrence class intersects K ′: the same argument, for each δn ∈ S in
a sequence which decreases to 0 and each Vn ∈ V in a sequence of neighbourhoods which de-
creases to A, will produce a sequence of periodic orbits of index dim(Es) whose chain-recurrence
classes coincide and by definition of RN these orbits are homoclinically related together. 
6. Dynamics far from homoclinic bifurcations
We complete in this section the proofs of the results announced in the introduction.
One chooses the residual set R ⊂ Diff1(M) \ Tang∪Cycl so that any f ∈ R satisfies the
following properties.
– Each periodic point p is hyperbolic and its chain-recurrence class coincides with the homo-
clinic class H(p) (see [5]).
– For each periodic orbits O,O′ in a same chain-recurrence class, and such that the index
of O is smaller or equal to the index of O′, then it holds that Wu(O) and Ws(O′) have a
non-empty transverse intersection (see [2, Lemma 2.9]).
– R is contained in RR,R′R,RH ,RN and hence satisfies the conclusion of Propositions 4.2,
4.3, 4.4 and 5.1.
S. Crovisier / Advances in Mathematics 226 (2011) 673–726 723In the following f is a diffeomorphism in R. Let us recall that a homoclinic class of f
cannot contains periodic points of different indices: indeed if O,O′ are contained in the same
homoclinic class and if the index of O is smaller than the index of O′, then Wu(O) and Ws(O′)
have a non-empty transverse intersection which persits under small C1-perturbations; with the
connecting lemma it is possible to perturb the dynamics so that Ws(O) and Wu(O′) intersect
(see [2, Lemma 2.9]); one thus has built a heterodimensional cycle and contradicted the fact that
f /∈ Cycl.
Minimal sets. Let us consider a minimal invariant compact set K which has a partially hyper-
bolic structure Es ⊕Ec ⊕Eu with dim(Ec) = 1 and such that the Lyapunov exponent along Ec
of any invariant measure supported on K is zero.
Claim 6.1. One of the following two cases occurs:
– K is a chain-recurrence class and has type (N);
– K is contained in a homoclinic class having periodic pointy of index dim(Es) or dim(Es)+1
and whose central Lyapunov exponent is arbitrarily close to zero.
Proof. First Corollary 3.3 asserts that K cannot have type (P) and be twisted.
If K has type (P) and is not twisted, or if it has type (R) or (H), then Propositions 4.2 and
4.4 imply that K is contained in a homoclinic class associated to periodic orbits contained in an
arbitrarily small neighbourhood of K : in particular, the class contains periodic points of index
dim(Es) or dim(Es)+ 1 and whose (dim(Es)+ 1)-th Lyapunov exponent is arbitrarily close to
zero. The second item holds.
If K has type (N), Proposition 5.1 directly implies that the first or the second item holds. 
Aperiodic classes. Let C be an aperiodic class. The tangent bundle TCM is not uniformly con-
tracted. Hence by Theorem 1 applied to the trivial decomposition E ⊕ F = TCM ⊕ {0}, the
class contains a minimal set K with a partially hyperbolic structure as discussed in the previ-
ous paragraph. Since C is aperiodic, the set K has type (N) and coincides with C. This proves
Addendum B.
Homoclinic classes. Let H(p) be a non-trivial homoclinic class. It contains a dense set of
periodic points having the same index as p. As a consequence of Wen’s Corollary 1.1, there
exists a dominated splitting TH(p)M = E ⊕ F such that dim(E) coincides with the index of p.
Let us consider the case E is not uniformly contracted. One can apply Theorem 1:
– Since the class H(p) does not contain periodic points with different indices, the first case of
the theorem does not hold.
– If we are in the second case, the bundle E splits again as E′ ⊕Ec1 with dim(Ec1) = 1 and the
homoclinic class contains periodic points homoclinically related to p and whose Lyapunov
exponent along Ec1 is arbitrarily close to zero.
– If we are in the third case, the class contains a minimal set K with a partially hyperbolic
structure such that dim(Es|K) < dim(E) as discussed in the first paragraph. By Claim 6.1
H(p) contains periodic points of index less or equal to dim(Es|E) + 1. Since the index of
the class is unique, one has dim(Es|K) = dim(E) − 1. We have thus shown that the class
contains periodic points whose dim(E)-th Lyapunov exponent is arbitrarily close to zero.
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with dim(Ec1) = 1.
From these two last cases, we claim that the bundle E′ is uniformly contracted: otherwise one
would apply Theorem 1, but each case given by the theorem would imply that the class H(p)
contains periodic orbits of index smaller or equal to dim(E′) which is a contradiction. We then
study the type of Ec1: the dynamics along E
c
1 above the periodic points is contracting, hence E
c
1
cannot have type (N), (P) or (H)-repelling; by Proposition 4.3, it cannot have type (R) either since
this would imply that the class also contains periodic points of index dim(Es). As a consequence
Ec1 has type (H)-attracting.
The same argument applies to the other bundle F . This concludes the proof of Addendum A
and of the main theorem.
Finiteness. There could be a priori countably many homoclinic classes. However we have:
Any diffeomorphism f ∈ R has only finitely many homoclinic classes whose central bundle is
two-dimensional.
Proof. Let H(O) be a homoclinic class of f ∈ R whose non-hyperbolic central bundle Ec1 ⊕Ec2
has dimension 2. From Corollary 1.1, there exists C > 0 and σ > 1 such that for any x ∈ H(O)
and any unitary vectors u ∈ Ec1,x and v ∈ Ec2,x , one has for any n 0,∥∥Df n.u∥∥ Cσ−n∥∥Df n.v∥∥.
Note that σ does not depend on the class H(O) but only on the uniform domination associated
to periodic points of index dim(Es ⊕Ec1). One fixes a ∈ (0, logσ).
The class contains periodic orbits whose Lyapunov exponent along Ec1 is arbitrarily close
to 0 and by domination, one deduces that the Lyapunov exponent along Ec2 for these orbits is
larger than a > 0. The same property holds for Ec2: the class contains some periodic orbits whose
Lyapunov exponent along Ec1 is smaller than −a < 0 and whose Lyapunov exponent along Ec2
is close to 0. The transition property of [6] now implies that the class contains periodic orbits
O′ whose Lyapunov exponent along Ec1 is close to − a2 (and, by domination, whose Lyapunov
exponent along Ec2 is larger than
a
2 ).
Let λ = e−b where b (close to − a2 ) is the Lyapunov exponent of O′ along Ec1. There exists a
point p ∈ O′ such that for each n 0 one has:
∥∥Df n|Ec1 (p)∥∥ λn.
If τ is the period of p, then ‖Df τ|Ec1 (p)‖ = λ
τ
. Hence for each n 0 one has:
∥∥Df−n|Ec1 (p)
∥∥−1 = ∥∥Df n|Ec1(f τ−n(p))∥∥ λn.
By the domination, one deduces that there exists some uniform constant C > 0 such that
∥∥Df−nc (p)∥∥ C.e− n.a2 .|E2
S. Crovisier / Advances in Mathematics 226 (2011) 673–726 725Arguing as in Proposition 1.4, one deduces that H(O) contains a periodic point whose stable and
unstable manifold have uniform sizes.
If one assumes that there exists an infinite number of such distinct homoclinic classes H(On),
one considers a sequence of such periodic points pn ∈ H(On). Taking an extracting sequence of
periodic points having the same index, the uniform size of the invariant manifolds implies that
all the periodic points pn are homoclinically related, contradicting the fact that the homoclinic
classes are distinct. 
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